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Respiratory System

Mynd: Traffic flow — Mynd: Gas-pipeline
network Mynd: Respiratory network of China

system network
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Introduction and motivation
oce

A Sturm-Liouville problem is a problem generated by the following
equation,

_di)l( (p(x)ji) + I(x)y = Ar(x)y .

Importance of Sturm-Liouville:

® All second order equation can be transform into a
Sturm-Liouville problem

® Under suitable initial and boundary condition, the
Sturm-Liouville operator is self-adjoint.
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Introduction and motivation
oce

The fractional calculus theory
® generalizes the classical differential calculus
® takes into account the non-locality and memory effect

® models physical and engineering processes that are found to
be best described by fractional differential equations
(anomalous diffusion, viscoelastic models, aeroelastic, etc...)
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we consider a network in the form of a star graph

@  Junctien
a
by b, o Boundary
Edge

b;

Mynd: Star graph with n edges
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We define the spaces

HS. (a, bi) =AC* N [2(a, by)
n n
Hg = H ?*(a> bl) L2 = H L2(a’ bl)
i=1 i=1
with the norms
n - .
IplEe =D P10y, 2= ()i €12,
i=1

n

n
ol = D101 oy = D (16 ooy + 1P o)
i=1

i=1
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We define the space V; by

Vii={p' € H(a,b) : Dy (BDGp') € HE="(a, b))}

V= {(p")f e[[vi: nropat, ) =6ivp @) i#4, ii=1,....n
i=1

S @D p(at, ) = o}

with the norm |[pllv = [|p|lme  Vp = (p')eV.
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For any p, ¢ € V, we define the bilinear form E(-,-) : VxV — R

by:
N . . .
=3 [, (0 85 () )
— Jo,
+Z/ x)¢'(x, t)p'(x, t)dx dt,
Assumption
B e CY[a,bi]),i=1,---,nand q" €C([a,bj]), i =1,---,n such
that
q° = min ¢/, B%:= min A’

— 1<i<n — 1<i<n
qi=max [l 5 i=max 15

Then, we define the self adjoint operator A as-follows: For
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We define the operator A as follows: For p = (p');, we let

1

~Mr—«Am5i—<D;(HD$pU+qb0 L i=1,...,n (4)

with
D(A): {(p)i € Vi TP/ (b7) =0, i=1,...,m, B'(b)DSp'(b])=0,i=m+1,--

and [[¢llBa) = llo]-
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® For 1/2 < a < 1, the embedding H$ — IL? is compact.
e Ais a self-adjoint operator.
e [E(-,-) is continuous and coercive on V.

Conclusion: there exists an orthonormal basis of .2, (¢,)n
consisting of eigenvectors of A, moreover from the coercivity and
the nonnegativity of E(-, -), the eigenvalues associated to (¢n)n
verifies

O< A<l <A <0 with nILn;OAn:+oo.
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Problem setting

n b; b;
. 1 Y 0,i |2 1 Y
Vrgzi{r:dzl:(2/a ’y(T)—zd | dx—&-E/a ‘yt(T)—zd dx +—/ \v,\ dx),

where 20 = (z eV, zh = (23"-),- € L2 and y = (y'); satisfies
the following wave equation:

Vi + D (BDSy) +4'y = f, in(a,b;)x(0,T),i=1,...,n,
I:+ay'( ") = [7°y(@") in(0,T), i#j=1,...,n,
ZB (a)D3y'(a") = 0 in (0, T),

I "yl(bl ) = 0, in (0, T),

Il Cly’(bl ) = hi7 in (07 T)7 I:27 ,m,
ﬁ'(b)]D)a*y (b:_) = giv_ in (07 T)7 i=m+1, » N,
¥'(0) = in(a,b)), i=1,...,n,

y:(0) = v, in(a, b)), i=1,...,n
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@® Fractional Sturm—Liouville wave equations
Homogeneous fractional wave equations
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We consider the following:

yt"t—i—Da( a+y)—i—qy = f in Q,i=1,...,n
I;+°‘y'( ,) = I::“yj(a+,-) in (0,T), i#j=1,...,n

Z ﬁ a)Da+y ) = 0 in (07 T)7

lai *y'(b, ) =0 in (0,T),i=1,....m
B (b)D3y' (b, ) = 0 in (0,T), i=m+1,....n,
¥'(0) = Yo in (a,b;), i=1,...,n,
yé'(O) = Vv in (a,bi), i=1,...,n,

where f = (f1) € L2((0, T); V*), y° = (y%') € D(A),
v=(v) €L
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The Cauchy problem (6) becomes

yae + Ay = f(t) for te€(0,T),
y(uo) = y07 (7)
yt('>0) = Vv,

Definition
A function y = (y') is said to be a weak solution of (6) in (0, T),
T > 0, if the following assertions hold.

® Regularity: y € CY([0, T];1L?) n C([0, T]; D(A))
yi(-,0)=y"® in (a,b;), i=1,---,n
yi(-,0) = v in(a,b;), i=1,---,n
® Variational identity:

<yrt> C>V*,V + E(y(t> ')7 C) = <f(t7 ')7 QP)V*,V for every
p € D(A), and a.e. t€ (0, 7).

® |nitial condition:
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Theorem
Let1/2 <a <1, fel?(0,T);V*) and y° € D(A),v € L2, the
system (6) has a unique weak solution y = (y') given by

= Z { (v, Cahrz sin(v/knt) + (v°, Car2 cos(y/fint)

\ﬁ sin \/ATn(t—5))<f(5),<n>w,vd5}<n- (8)

Moreover,

1 — _

EHny?Z([O,T];]LZ) §2T‘|f‘|i2((o,r);u) + ||VH§2 + max (57 Q) Hy0||u2{g (92)
2 —

Il rsy <y (T myan + VI + max (5,2) Iyl )

(9b)
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steps of the prove

e Multiply equation (7) by ¢, to obtain

2
7Yn(t) + An}’n(t) = fn(t) for te (07 T),
or )/n(o) = .yr(l)7 (10)
¥n(0) = va,

where
yn(t) = (y(t)7(70l1)]142’ fn(t) = <f(t)’ QDH>V*,V’ yl? = (yO,C,Dn)Lz,
and v, = (v, pn)L2

® Take the Laplace transform of the equation (10).

® Using the Laplace transforms of cos, sin and convolution

oo
functions, recover y,. then write y(t) = Zy,,(t)go,,.
n=1
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@® Fractional Sturm—Liouville wave equations

Non-Homogeneous fractional wave equations
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In what follows, we shall transform that problem into an
homogeneous type problem.

Let (g)i=2..m and (h;)i=m+1..n € H*(0, T) be such that
hi(0) = gi(0)=0,i=1,---,n, we set

18lleqo,m) = Jnax l&illeqo, ) NBlleqo, ) = pmax [ hille(o, )
(11a)
- _ / B _ /
I8¢l o, ) = Jnax &flleqo, ) helleqo, 1) . 1Az lleqo, )
(11b)
We consider the function w = (w');—1.... », where w' are giving by :
0 i=1
2gi(t) a+1

; =2,
wi(x.t) = { T(at2)b ' "
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Lemma

Assume that Assumption 1 holds. Let (g;)i=2...m € (H?(0, T))m*1
and (h;)i=m41..n € (H*(0, T))"™" be such that (11) holds. Let
also w = (w') be defined as in (12). Then we have that

wi, Dy (B! D% w') € L2(Q;), wi € C([0, T]; L?(a, b)) and

wi, € L2(Q;).

Moreover,

sup_[[w(t)|Zs < o b,B, 8% ) (gl o0,y + 1Bl 0.7y )
te[0,T]
(13a)

[we ()22 < C(a.B.8% n) (Ilg o,y + IFeloo.my ) -
(13b)

where b = maxi<;i<n(b;) and b = mini<;<n(b;).
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and setting z = (z')j=1,...n Where z/(x, t) = y/(x, t) — w'(x, t), it
follows that z satisfies the homogeneous system

7, + D) (BDL2)+ g2 = F in Q,i=1,...,n,

/lfa ‘(a*,") = [7°Za" ) in (0,T), i#j=1....n
ZB’ a)D%, z/(a*, ) =0 in (0, T),

/aha by ) =0 in (0, 7),

LZ'(b; ) =0 in (0,T),i=2,...,m
B'(bi)D3.2' (b, ) =0 in (0, T), i=m+1,...,1
Z'(-,0) = Yo in (a,b;), i=1,...,n
z{(+,0) = ¥ in (a,b;), i=1,...,n,
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where ' € [2(Q;) and ¥; € L?(a, b;) are given by
Flr=Ff—w,—D¢ (BDIw)—gwii=1--n, (15a)

v,-:v,-—wé'(-,O), i=1,--

-, n. (15b)
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Theorem

Let1/2 < a <1, f €120, T;L2), (g)i=z.m € (H2(0, T))"
and (h;)i=ms1..n € (H*(0, T))"™" be such that

gi(0) = hj(0)=0,i=1,---,n, y° = (y°7) € D(A) and

v = (v;) € L2, then the problem (5) admit a unique weak solution
y = (y') € C([o, T], V) nCY([0, T],1L?) given by

y(x,t) = Z { N sin(\/fint) 4 y3 cos(y/int)+

N sin(y/ma(t s))f(s) }(,,er(x,t),
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Moreover, there exist A1, Ay = C (a,E, b,B.,q,3°

,n) > 0 such
that

I¥lleqo,mme)y < A1 (||f\|L2((o ryzy T IVIE2 + 101 + 1813 0,7y
HAlZ o, 77) + 118lZ 0, 77) + HhtH%([o,T]))
(16a)
”y/”C([O,T],]L?) <Az (HfHLZ( 0,7);L2) + HVH12L2 + HYOH%{g + H?H?}([o,r])
B2 0,71y + 12l 30,7y + 1Bl 30,1y
(16b)
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We are interested in solving the following optimal control problem:

i 17
min T(v), (17)
where
1 . o2 , 1 . 2 N
T =5 |y Ty = 2G|+ 5 v 1) = 23|+ 5 IvIE-
(18)

We have the following existence result of optimal controls.

Theorem

Let1/2 < a < 1. Let q' € C(a, b;) and B' € C([a, b;]) satisfy
Assumption 1. Then, there exists a unique solution i1 € U,y of the
optimal control problem (17)-(18).

Maryse Moutamal Rockefeller

Sturm-Liouville wave equations on a star-graph



Existence of minimizers and optimality conditions
ocoe

steps of the proof

® We write

T(v) = %ﬂ'(v, V)= L(v)

w3y =2, + 5 o 1y 2
(19)

® We show that 7(+,-) symmetric bilinear continious and
coercive functional and that L(-)L is a continuous linear
functional.

® We conclude using Lax-Milgram Theorem that there exists a
unique u € U,q that minimizes J.
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© Existence of minimizers and optimality conditions
characterization of the optimal control.
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Theorem , ,

Let 1/2 < a < 1. Let g' € C([a, bj]) and B’ € C([a, bi]) satisfy
Assumption 1. Let u = (u;); € Uag be the optimal control for the
minimization problem (17)-(18). Then, there exists a unique

p € L2((0, T); V)N CY([0, T];1L?) such that the triple (y, u, p)

satisfies
)A’tit"'DZ' (BDLY)+q'y =f, in Q,i=1,...,n,
llzay"(a*,-) —epiat,) in (0,T), i#j=1,...,n,
Zﬁ a+)A/ ) =0, in (07 T)7
/1 ‘“l(bl ,0) =0, in (0, T),
Il ow\l(b7 ) :gl" in (07 T), | = yeee,m
ﬁ(b) 53 (b ,) = h;, in (0,T), i=m+1,...,n,
Y(70) =y* in  (a,bj), i=1,...,n,
yt('70) = ui7 in (av br')7 i = 17 RN

(20)
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and
pit +D;¥f (/BIID)C;‘*'pi) + qui = Oa in Qh i= 17 ceey N
Lop(E) =Lropl(a", ) in (0,T), i#j=1,....,n
Zﬁ a)]D)a+p ) =0, in (0, 7—)7
/§+ “p'(b,) =0, in (0,T),i=1,....,m
ﬁ(b)]D) p(b,,-) =0, in (0,T),i=m+1,...,n,
P T) =9(,T) -z in  (a,b),i=1,...,n
P, T) ==/, T)=2y) in (ab) i=1....n
(21)
and
n bi .
S [ (P 0) (v - w)dx >0 (22)
=172

for all v = (v;);i € Uaq.
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steps of the proof

® We write the Euler-Lagrange first order optimality condition
for u:
i S+ 0(v —u)) = T(u) >0,
6—0 0
® it implies
(z(v—u; T),y(u; T) — 22>L2 +{z(v—u; T)yye(u; T) — z§>Lz+
N(u,v—u)2 >0, Vv EeElUy,

Vv EUsg,  (23)

(24)
where z = z(v — u) is the solution of
ze+ Ay = 0 for te(0,T),
z(-,0) = 0, (25)
z(,0) = v—u,

® We then interpret (24), by multiplying (25) by p solution of
(21), to get equation (22).
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® we show the existence and uniqueness of solution of a
sturm-Liouville wave equation on a star graph

® we show the existence and uniqueness of the minimizer of the
cost function.

® we assume that 1/2 < a < 1.
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Thanks for your attention
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