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Some background

Vladimir Andreevich Steklov

& (o]

V.A. Steklov in the 1920s.

Figure: Vladimir A. Steklov, 1864-1926. Picture possibly at the
Physical-Mathematical institute in Leningrad.

See [Kutznetsov et al., Notices of the AMS Jan. 2014]



Some background

The Steklov Eigenvalue Problem

Find non-trivial s; and A; so that for a given non-negative bounded
weight ¢
—As; =0in €, Oysj = Ajypsj on 0Q =:T.

Figure: Bounded domain Q with boundary I

From Steklov’'s DSc dissertation, and from a talk at the Kharkov
Mathematical Society (1895). See also [W. Stekloff], Sur les
problémes fondamentaux de la physique mathematique, Annales
sci. ENS Sér. 3. 19 (1902).



Some background

Connections to other spectral problems

Q € R? a bounded domain, Lipschitz boundary ' Neumann EVP
—Au=pu inQ, @ =0onl.
on

Vibrations of free membrane
Steklov EVP with ¢ =1

—As=0 inQ, ﬁz)\sonr.
on

Vibrations of a free membrane, mass concentrated on boundary.



Some background

Steklov EVP and the Dirichlet-to-Neumann map

Let Q be a bounded domain in a complete Riemannian manifold,
boundary I is Lipschitz or smoother.
Consider the Dirichlet problem for given u € HY/2(I'): find
Eu= U € HY(Q) so that
—AU=0, inQ, a—U = uonf.
on
This defines the (non-local) Dirichlet-Neumann mapping
D : HY2() — H=Y/2(I). If S is the single layer operator
S:=Tro(=A)"toTr*, S:HY2(I)— HY?(I)
then

D(u) = S~ H(u) = <§n(5u)>r.

If " is smooth, D is an elliptic 1 — do of order 1, with principle
symbol same as v/—Ar.



Some background

Immediate consequence

Isospectrality:

Du=>Ius —-As=0 in€Q, %:/\sonr.

The Steklov EVP is a spectral problem for D, so:

@ Steklov spectrum is discrete if the trace map
HY(Q) — HY/2(T) is continuous and the embedding
HY(Q) — HY2(T) — L?(T) is compact.

@ Steklov eigenvalues for —A are non-negative:
O=Xg <A1 < ..

@ Similar identification of spectral problems for DtN maps for
other operators (Lamé, Helmholtz, Maxwell) and analogous
Steklov problems



Some background

The Sloshing eigenvalue problems

'Sloshing’ eigenvalue problem for inviscid,incompressible and heavy
liquid

Figure 3. A s hmzl sketch flm n of high
spots in a coffee cup (a) and in a snifter (b).

Figure: Figures from Kuznetsov et. al., Notices of the AMS, 61(1), 2014

@ The Sloshing/Steklov-Neumann EVP: Find s;, A; so that

—As; =0in (), Oysi = AjsionTls, d,s; =0o0n [y.



Some background

Some background

A (highly incompletel!) list of references

Finite element methods: Andre’ev and Todorov ('04), Bi, Li
and Yang ('16), Bramble and Osborn '72

Spectral methods: An, Bi and Luo ('16), Alhejaili and Kao
('19)

(Non self-adjoint case) Liu, Sun and Turner '18
(Biharmonic) Antunes and Gazzola ('13)

Levitin,Parnovski, Polterovich and Sher, Sloshing, Steklov and
corners: Asymptotics of Steklov eigenvalues for curvilinear
polygons, '22.

Levitin,Parnovski, Polterovich and Sher, Sloshing, Steklov and
corners: Asymptotics of sloshing eigenvalues, '20

Free boundary minimal surfaces: Kao, Osting, Oudet ('21)



Some background

(Very Incomplete) Background

There is a considerable literature in numerical analysis devoted to
the Steklov problem. Partial list:

@ Conforming finite elements: Bramble '72.
Non-conforming finite element methods: Qin Li
Isoparametric elements Andreev 2004

Multilevel methods Xie, '14

Adaptive finite element methods Garau and Morin, '11
Virtual elements: Mora,Rivera, Rodriguez, '15 .
Optimal order estimates for Steklov: Bermidez '00.

A posteriori error estimates for linear elements are derived in

Armentano '08, Fei et. al. '21

@ Boundary element methods for Steklov: Han '92, Wang et al.
17

@ Conformal mapping: Ahlejaili and Kao, '19



Some background

(Very incomplete) Background contd.

Boundary integral operators on curved polygons: Costabel
'83, Costabel and Stephan, '83

Nystrom collocation approaches: Kress '89, Colton & Kress
'83

Boundary element approaches: Hsiao & Wendland '77
Guaranteed eigenvalue enclosures: You, Xie & Liu, '19
Optimization: Akhmetgaliyev, Kao, Osting '15, Dominguez,
N., Shariari, '15, Ammari, Imeri& N., '20

Spectrum of layer potentials: Helsing & Perfekt, '18
Recursively Compressed Inverse Preconditioning for 2nd-kind
BIE: Helsing, '13

Steklov eigenfunctions for Robin BVP: Auchmuty, '04, '18
Stekloff problems for Maxwell: Camano, Lackner and Monk
"17

Steklov for Lamé: Levitin, Monk and Selgas '20, Dominguez
21



Some background

Dirichlet v/s Steklov

Figure: 1st, 2nd, 3rd and 12th eigenfunctions. Top: Dirichlet. Bottom:
Steklov



Some background

Eigenvalues of disk v/s kite for the Steklov EVP

I IR X
P

Figure: Steklov eigenfunctions on disk (top) and 'kite' (bottom).

Exact Steklov eigenfunctions on the unit disk are
uj(r,0) = r exp(1j6), Jj=0,1,....

Rapid decay of u; away from (smooth) boundary as j increases.
Always? [Bruno and Galkowski, '19]



Some background

Asymptotics for Steklov eigenvalues

Rozenblyum '86 and Guillemin—Melrose '93: On simply connected,
smooth domains,

o
Zito(
T U™

Girouard-Parnovski-Polterovich-Sher '13: On multiply-connected
smooth domains with 09 = Uf‘zlr,-

Agj = Njy1 +O() =

y =R+ 0(™)

where R; = jth term in U Steklov spectra of disks, radii=|I';| /(27).
Agranovich, '06: Piecewise C! boundaries:
™m

)\m W—FO( ) m — OO



Some background

Disk v/s kite for the Steklov EVP

The Steklov spectra of the equal-perimeter disk and kite rapidly
become indistinguishable

Steklov Spectrum of Kite and Equal-Perimeter Disk
T
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Discretization

How to compute Steklov/Sloshing eigenpairs?

For the general sloshing problem (I is empty for Steklov
problems)

—As; =0, 61/5]“'5 = )‘Sj’rw 8VSJ|FN =0

>
f N

o LeD

Behaviour of Steklov eigenpairs demonstrates the need for high
accuracy computations.



Discretization

Boundary integral reformulation

—ASJ' = 0, al,Sj’rs = )\Sj’rs, &,Sjer =0.
Define the integral operators S : H=1/2(T') — HY/2(T") and
T HY2(I) — H=Y2(T) as
S = Tro (=)o 710l = [ Glxy)o(n)as(y)

9G(x,y)

Tlol(x) = FT(X)¢(Y)O'S(Y)7 xe T,

Indirect boundary integral formulation of EVP via Single Layer
ansatz with density ¢:

5(x) = /r G(x,y)ei(y) dy = Sl8j](x), xeQ



Discretization

Jump relations

Recall jump relations for single layer if I is Lipschitz: if the
(interior) angle at xp is w(xp), then

lim (/G x, y)ply dy) /G(Xo y)e(y) dy = S[¢](x0)

Qo5x—xp€l

im V </r G(x,y)e(y) dy) Ny = (T[o)(x0) + w(x0)Z[9](x0))

Q5x—xp€l

So: find (¢, \) so that
(T + w(x0)D)[0](x0) = AS[](x0)

@ Volumetric eigenvalue problem for (u, \) converted to
eigenproblem on T for (¢, A).

@ Reconstruct u via S(¢) where needed



Discretization

Caution in 2-D

o S is a Fredholm of index 0 on H=1/2(T), (Costabel '88)
o S only injective in R? if Q has analytic capacity # 1.
o Use modified single layer potential (Kress, '99). Define
P = |r erO )dsy.
Steklov problem: Find A, ¢ so that

(TH+wX)De -2 =A(Slg—p]+p),xeT



Discretization

Eigendensity vs/ boundary trace

Boundary Traces

Figure: Sample computed eigendensity ¢, post-processed boundary trace
u



Discretization

Pure Steklov problems on smooth domains, w = %

Figure: Bounded planar domain © with smooth boundary I, whose
parametrization is available.

Integral operators will have logarithmic singularities. Use a
Nystrom collocation approach + specialized quadrature rule
(Kussmaul, '69, Martensen '63, Colton and Kress '89)

27
t —
/ log (4 sin®
0

Thm: Error for Steklov eigenvalues decreases spectrally with N

2n—1
T) f(rydr~ > R™V(Df(y), 0<t<om
=0



Discretization

Steklov eigenvalues on a disk

Consider the Steklov problem on the unit disk.

True eigenvalues are known to be 0,1,1,2,2, ...k, k....
Eigendensities form a trigonometric basis, BIE solver returns exact
results for the circle.

x10%

P e —

Relative erro
ra
u(boundary)

~

. . . . . . . i
20 4 60 80 100 120 140 160 180 200 0 1 2 3 a 5 6 7
Number of discretization points 0

Figure: L: Sum of max errors of first 16 eigenvalues on disk as a function
of number of grid points. R: Boundary traces of eigenfunctions



Discretization

The kite

First 32 Steklov eigenvalues of the kite-shaped domain
Kite: (x,y) = {(cos(t) + 0.65cos(2t) — 0.65, 1.5sin(t)), t € [0,27}
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Figure: L: Maximum errors for the first 16 Steklov eigenvalues of a
kite-shaped domain. R: Boundary traces of eigenfunctions



Discretization

Corners/Sloshing

The regularity of the eigenfunctions will depend on geometric
features/ the presence of data junctions.

Figure: L: Pure Steklov on polygons. R: Sloshing problems, with Steklov
on red curves, Neumann on blue



Discretization

Sloshing eigenmodes

Let I's and 'y meet at an angle of amr. Komarenko '80:

Regularity of Steklov-Neumann eigenfunctions, angle ar
Weight spaces: Eigenfunctions u € W2%2+6 restricted to a small neigh-
bourhood of the angular point.

Sobolev spaces: In a neighbourhood of an angular point, eigenfunctions
ue Ckand ue WS, where

o k=[] if 3 ¢Z
e k=1-1iflez

More recent: behaviour of sloshing modes near the junction,
Levitin et.al, 2017, 2019.



Discretization

Polynomially graded meshes

Collocation on polynomially graded meshes: (Kress '90). The true
Steklov eigenvalues of the square are available on a square:
(Girouard and Polterovitch, '14)

Boundary Traces

Eigendensities

Total Boundary Quadrature Points

Figure: R: Sum of relative errors in first 6 eigenvalues on square. Choice
of polynomial degree in graded mesh



Spectral Geometry

Spectral shape optimization for Steklov

Our approach was used by Akhmetgaliyev, Kao, Osting '15 to
numerically show amongst domains with fixed-perimeter smooth
boundaries:
@ Domains maximizing pth Steklov eigenvalue have p — fold
symmetry
@ Maximizers are unique
e Multiplicity of eigenvalue =2 for even p, multiplicity = 3 for
odd p >3




Spectral Geometry

Geometry of the nodal sets

Our spectral solver allows for exploration of zero level sets of
Steklov eigenfunctions. Bruno and Galkowski '20 demonstrate
(motivated by the numerics) there are smooth domains for which
high-)\ eigenfunctions may not have nodal sets dense at O(A™1).

e

- v
’l‘ L3¢

10
PO LN
.
E ]
< (‘I\\
. o
MY N

Figure: Top: sample nodal domains on perturbation of a disk. Bottom
right: nodal domains at similar frequency for the disk. Note the dramatic

change in the geometry of the nodal sets.

RALAN



Spectral Geometry

Kites and disks, G-P-P-S '13

Let (x,y) = {(cos(t) + rcos(2t) — k,1.5sin(t)), t € [0,27]}. How
fast in k do the lower eigenvalues

)\j—>Rj

where R; = jth term in Steklov spectrum of disk of same
perimeter?

Figure: Impact of changing « on |\; — Rj|/|R;]



Spectral Geometry

Steklov eigenfunctions for shape analysis

"... we provide a practical and mathematically justified spectral
approach to extrinsic geometry for geometry processing, via an
extrinsic alternative to the intrinsic Laplace—Beltrami operator... a
surface-only approach to volume-aware shape analysis”...

PITELLLLVLY
TTITTIITITY

sponding to the smallest 11 values, compared to the surface Laplaci his model

Figure: Steklov eigenfunctions on gargoyles v/s surface Laplacian
eigenfunctions. Wang, Ben-Chen, Polterovich, & Solomon, '17



Spectral Geometry

Spectra and domain geometry

- »
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Spectral Geometry

Quasimodes on Polygons

Levitin-Parnovski-Polterovich-Sher '21: On curvilinear polygons
with (angles 6, edges /), 3 (computable) quasimodes o;

A =0j(6,0) +O(™), Vee (0,e).

Relative deviation from quasimode

and 10°
120
Square
Square g-A
100 b Equilateral A
Equilateral g-A
£
80 g
v
o
3 ;
g 13
g« ]
2 ES
i B10%-
40 E
20
- R
0
0 20 40 60 80 100 0 50 100 150 200
eigenvalue number eigenvalue number

Figure: Comparison of square and equilateral triangle with quasimodes.
L: actual 0}, ;. R: Relative deviation



Spectral Geometry

Curvilinear polygons

Levitin-Parnovski-Polterovich-Sher '21: For curvilinear polygons,
Aj :Uj(e,g)-i-(’)(jie), Ve € (0,60),
quasimodes o; depending on angles/edge lengths. Impact of

curvature at corners?
Consider side-2 square, bottom edge = xx2(2 — x)?/8.
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Figure: L: Curvilinear domains. R: Deviation of o from )\;, k = £8.



Spectral Geometry

Eigenvalue

Curvilinear square, x=

%0 100 110
eigenvalue number

120

relative error term

10°

Relative error from QM

%8, - £00380ARgnacaag
oo £Eg05E 5o 4aohg? ™
DD”D%@ g
an  egoUggs
=
a
o a

o

LLER
DO8B00800 0000 so0 oo oG oosoomoaoaaoe oog

20 40 60 80 100 120 140 160 180
eigenvalue number

Figure: L: Eigenvalues and quasimodes. R: Deviation of o from A;,

Kk = 14.



Spectral Geometry

Comparison: Steklov and sloshing eigenfunctions

Row 1: First 5 non-constant eigenfunctions, pure Steklov.
Row 2: First 5 non-constant eigenfunctions, Steklov-Neumann.

OO O

- T

- - o
Y. LY « N

£ ¢ \
y \\ /V . ‘



Spectral Geometry

Optimizing a Sloshing-Green's Function

Let Sr (x*, y):=sloshing Green's function in Q at frequency A\* and
source point x* € Q

_AXSFS(X*L)/) = 5(’)(* - y’)? y € Q7

0 * * *
87VXSI-S(X 7y) =A 5r5(X 7_)/), on r57
0

a—VXSrS(X*,y) =0, only.

Figure: What is 6y
and the length |[y|?

Goal: For fixed \*, x*, y*, find center and length of Iy to optimize
|5rs (X", ™).



Spectral Geometry

Can use the sloshing eigenfunctions

(Ammari, Imeri, N. '20) Let A* be close to sloshing eigenvalue );
(with multiplicity m). Let {sx}7_; be the L? — (T's) normalized
sloshing eigenfunctions.

0 0
—Axuk = 0, aiyxsk = )\J'Sk, on rs, 87%(5/( = 0,on r/\/,

Then the sloshing Green's function can be written as

- 1 e N SO se(y
5rs(XaY):—§|0g|X -y |+Z ()\*)_)(\ )
J

k=1

+R(A", X", y%)

The remainder R is analytic in A*.



Spectral Geometry

Optimization for unit disk

Unit circle with A\, = 2.5, x* = (—0.9,0)7,

ye{(0,n)t €eR?|r >0} Sg‘t*eklov(x*,y) = Steklov function and
Sg;d(x*,y) = Steklov-Neumann function on optimized domain.
0o € [0,27) and Iy represent the (angular) location and length of

Neumann boundary.

r=01 r=025 r=05 r=075 r=20.9
Sg‘;eklov(x*, y) | -0.022 -0.048 -0.147 -0.332  -0.492
S’E\;d(x*,y) 12.67 39.83 90.50 -133.6 -200.4
Ao 0.42m 0.427 0.397 1.967 1.967

N 0.367 0.367 0.36m 0.367 0.367

Ax (o
Seng(y) 586 838 615 402 407

A
SSt*eklov (X* 7_)/)




Spectral Geometry

Optimization

. Shusa ) function o the i, for =23 Slretnl¥s: ) functon o the kit for 1=2.5
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Figure: Top row: Green's function for pure Steklov problem, \* = 2.5.
Bottom row: optimized Green's function. Neumann boundary along blue
edge.



Spectral methods

Steklov eigenfunctions are remarkable! |

Under (mild) assumptions on domain boundary I, can define an
H! —equivalent inner-product (-, )5 through

(v,w>a::/Vv-VW -l-/ vw,
Q oQ

for v,w € H(Q), where we use the trace theorem.
@ The Steklov eigenfunctions s; can be normalized as ||sj|ls = 1

@ The s; are mutually (-,-)p orthogonal:

/VS;-VSJ':)\J'/ S,'SJ':)\,'/ S,'SJ'ZO, fOI’i;éj,
Q o0 o0

due to Green's identity.



Spectral methods

Steklov eigenfunctions are remarkable! Il

e We also have that traces of s; are L?— orthogonal on the
boundary. In fact,

<S,',S,'>3 = (1 + )\i)HsiH%Q(aQ) =1, for i € Ng,
)\.
Vsi- Vs =\ s)? =" for i € Np,
/Q aQ( ) L+ A PeTo
1
S0 =

vieal

o {s;} form an orthogonal basis for harmonic functions in H()



Spectral methods

A Steklov-spectral method for Robin problems |

[Auchmuty, 2011, Auchmuty and Cho JCAM 2017]
Consider the Robin boundary value problem

Au(x)=0 inQ, 0,u(y)+bu(y)=g(y)onT,

where g € H=1/2(T'), b > 0 a constant.
Taking an L2—inner product of Robin condition on T,

/r[&,yu(y) + bu(y)lsi(y) dl = [Aj + b]/r Trlu]s; dT" = /rgs,-.

Suppose u(x) = >_7Zq ujsj(x).



Spectral methods

A Steklov-spectral method for Robin problems Il

Then we have for the exact solution v to the Robin problem with
boundary data g®) that

u(x):Z ::: x)/gs,dr

Jj=0

Let si(x) = S[pi] where ¢; is the eigendensity, and
YiN = Z,Iysz el exp(int). Let § = S[;] and then

M
A0 N (LA o / (R) &
fyny = ZAIMSI | g5




Spectral methods

A Steklov-spectral method for Robin problems Ill

Discretization error [Imeri-N (2021)]

Theorem (Imeri-N. '22)

Let 9Q € CP with p € N, p > 2 and let gP) € HP(T). Then if the
exact solution to the Robin problem with boundary data g® is u, we
have

Ju— s = 0575 ) + 0 (B,




Spectral methods

Robin data: 9, u(y) + 1.5u(y) = log(|ly — (0,2.5))

M: Number of Eigenvalues.
g:log, perturbed domain

" . . 102
05 0 05 1 M: Number of Eigenvaluos

Figure: Domains of interest. Top Left: Sine perturbation of. Bottom Left:
Perturbed disk (C? but not C3). Right column: L2 errors in M, number
of Steklov modes. Blue: Theoretical rate. Black: Computed. Red: M~!



Steklov-Helmholtz eigenvalues

The Steklov-Helmholtz problem

(Joint with K. Patil)
Let Q C R? be bounded. Let i be a given wavenumber.
The Steklov-Helmholtz problem is to find uj, o} so that

0
_Auj_,ﬂuj:oinfz, a—uj = ojujon 0Q =:T.
v

Some interesting complexities
e 12 could be an interior Dirichlet eigenvalue
@ ;2 could be an interior Neumann eigenvalue

@ 1 could be complex, in which case the problem isn't
self-adjoint.

In this talk, © € R is not a Laplace eigenvalue.



Steklov-Helmholtz eigenvalues

Steklov-Helmholtz eigenvalues on a disk

On a disk of radius R, the Steklov-Helmholtz eigenfunctions are
un(r,0) = Jn(ur)exp(ind).

The Steklov-Helmholtz eigenvalues og, 01,01, 02,02, ....are
therefore given analytically as

Jp(1R)
In(1R)

On =W ,n=20,1,2..



Steklov-Helmholtz eigenvalues

Convergence study on a disk

Figure: Relative errror in first 7 eigenvalues v/s number of points on
boundary. L: p=1. M: p=10. R: =100



Steklov-Helmholtz eigenvalues

Can you 'see’ the shape?

1

Eigenvalues of some curves, N =500 .= 1
T

" e—@'__;__’.rc_@—’f

<+

Bigenvalue Nuaher

Eienvalues of some curves, N =500 . =5
T T T

Eigenvalue Nuher

Figure: Circle, ellipse, kite. L: p=1. R: p =5.



Steklov-Helmholtz eigenvalues

Asymptotics of |['||op]

Signed Eienvalues N =500 1= 1
1 1 1

- Asymptotics for unit disk
Circle, p=1
——Circle, y=5
——Circle, y=7
——Circle, y=10
107
102

‘F‘Um

N T I T, Figeule Nube
Eigenvalue Number g

Figure: Asymptotic behavior, changing wavenumber p. L: Disk. R: Kite.



Steklov-Helmholtz eigenvalues

Density, boundary trace and eigenfunctions

Unit disk, u =1and p=7

Disk, p =1 Disk, . =7



Steklov-Helmholtz eigenvalues

Density, boundary trace and eigenfunctions

Ellipse, p=1and p =7

Ellipse, p =1 Ellipse, p =7



Steklov-Helmholtz eigenvalues

The final slide

Steklov eigenproblems are fascinating!
Many thanks for listening.



Steklov-Helmholtz eigenvalues

Steklov eigenfunctions are remarkable! |

Recall: the Steklov eigenvalues A\, A1, ... and respective Steklov
eigenfunction sp, s1, . .. solve
Asi(x) =0 in Q) 1)
Ay, si(y) = Ajsily)  on 09,

Under (mild) assumptions on domain boundary, can define an
H'—equivalent inner-product (-, -)s through

<V,W>3Z:/VV'VW —|—/ vw,
Q o0

for v,w € H(Q), where we use the trace theorem.

@ The Steklov eigenfunctions s; can be normalized as ||sj|ls = 1



Steklov-Helmholtz eigenvalues

Steklov eigenfunctions are remarkable! Il

@ The s; are mutually (-, -)p orthogonal:

/VS;-VSJ'I)\J'/ S;SJ'I)\,'/ S,'SJ'IO, fori;éj,
Q o0 o0

due to Green's identity.

@ We also have that traces of s; are L?— orthogonal on the
boundary. In fact,

<S,‘,S,‘>3 = (1 + )\i)HsiH%Q(aQ) =1, for i € Ng,
)\.
Vsi- Vs =\ s)? =" for i € Np,
/Q aQ( ) L4+ A Peo
1
S0 =

vieal



Steklov-Helmholtz eigenvalues

Steklov eigenfunctions are remarkable! Il

o {s;} form an orthogonal basis for harmonic functions in H()

© The Steklov-Fourier series 3%, ¢;sj(x) converges to a
harmonic function in H? iff

o0
D el <o
=1
o For arbitrary u € HY(Q), define the trace

Tr[u] :== Z[u, silo Trlsj]

j=0



Steklov-Helmholtz eigenvalues

Steklov eigenfunctions are remarkable! 1V

@ For s > 0, define

H (M) == {f € L2(N)] D _[1+ N> [f* < o0},
j=0
where

=1+ )\j/rf(x)Tr[sj](x) dr

o For s < 0, define H5(I") as the completion of L2(I") wrt same
norm as above



Steklov-Helmholtz eigenvalues

Steklov eigenfunctions are remarkable! V

o Can define Ey : L2(T) — L%(Q), the 'harmonic extension’

operator
Enlg](x) = ;‘1 +A) si(x) /r g£5i.

For convergence in H}(R), we'd need

3 i si]? 00
;[(1+)\,)/rg ? <+

so need g € H'/2(I).



Steklov-Helmholtz eigenvalues

Some recent literature ...

Auchmuty, Steklov eigenproblems and the representation of
solutions of elliptic BVP, Numerical Functional Analysis and
Optimization, 2011

Auchmuty and Cho, Steklov approximations of harmonic BVP
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Convergence for a 'sloshing’ problem

Find uj, Aj so that
. 0 0
—Auj- =0in Q, au_,' = )\juj' on rs, auj’ =0on FN.

Single layer approach + Polynomial grading

ALEXANDRE GIROUARD AND IOSIF POLTEROVICH

Figure: The Steklov spectrum on a square can be decomposed into 4
(mixed) problems (Girouard and Polterovich, '17). Sum of relative errors
for first 10 eigenvalues.
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Convergence and quasimodes

For a unit square, the quasimodes are

O4m = 04m—1 = O04m-2 = 04m-3 = (m - 1/2)777 m € N.

Quasimodes are useful for checking accuracy of methods, in the
absence of 'true’ eigenvalues.

Square: true and

10°

Relative error

1010

1015

0 20 40 60 80 100
Eigenvalue Number

Figure: Comparison of computed eigenvalues on square with Ase j and
quasimodes o;
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Computational strategy

Parametrize I as x(t) = (x1(t), x2(t)) (0 < t < 27).
Define 9(7) := ¢(x(7)) for (0 < 7 < 2m).

Let
r(t, ) = [x(t) = x(7)I;
the BIE system is written as: find (A, %) so that

27

/0 Lt 7)(w(r) ~ D)7 + 5 (6(8) ~6) =
21

:A(/O K(t,7)((r) - )d7+w)

where

Lt.r) = 1 AR =] Al =)

K(t,7) = o log [r(£, 7] [¥(r)?]
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Polynomially graded meshes

Collocation on polynomially graded meshes: (Kress '90). On each
of the intervals ag <7 < by, g =1,..., Qs, suppose
parametrization is (x(7), y(7)).

Use a polynomial change of variables of the form 7 = wq(s), where

_ [v(s)I?
W‘I(S) =aq + (bq - aq)[v(s)]l’ T [V(27‘r _ S)]p’ 0<s<2m,

(s) 1 1\ [(7n—s 3+15—7T+1
v = - —= — —
p 2 T p 2’

and where p > 2 is an integer. Each function wg is smooth and
increasing in the interval [0, 27], and their k-th derivatives satisfy

wi(0) = wi(@r)=0for 1< k<p—1.
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