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&
Context TRUST]

® TrioCFD software:
simulation of unsteady turbulent flows at low Mach number in industrial configurations.
® Solve in (u, p) (fluid velocity and pressure) such that:

ou—vAu+ (u-grad)u+gradp = f
divu = 0 , with appropriate BC.
u(t=0) = up

Space discretization on a grid with MAC scheme or on simplexes with P}, — (P° + P') FE.

Resolution using a three-step scheme.
B R&D works on spatial numerical schemes.
P!. — PYrra Scheme, with Andrew Peitavy (PhD in progress).
DGFEM, with Mayssa Mroueh (PhD in progress).
Improved stability estimates for solving Stokes problem with Fortin-Soulie finite elements
Jamelot’'23 (submitted).
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Stokes Problem, variational formulation

—-

—vAu+gradp =
divu

uc Vwhere: V= {vecHjQ)|divv =0}, H}Q)=VaoV"-

B Let X = H{(Q) x L3(Q), which is an Hilbert space endowed with the norm

B Solve in (u, p) € HY(Q) x L3(Q) such that: {

|
o

_ 1/2
Pl = (Iulifyq) + 22 1PlEe)) -
(FV — S) Solve in (u,p) € X such that V(v,q) € X: as((u,p), (v, q)) = (f, v)Hé(Q).

XxX — R

as { ((U,p),(v,q)) + V(ulvv)Hé(Q) — (divv, p,)LZ(Q) — (divu’, Q)LZ(Q)

B Poincaré-Steklov inequality: 3Cps > 0| [|V||L2(q) < Crs [|Grad v||;2(q,
(v, w)w(Q = (Grad v, Grad w); 2 o, and \|v\|H1 = ||Grad V|| 2(q)

B Girault-Raviart'86: the operator div is an isomorphism from V* on L3(Q).
Vg e L3(Q), Avg e V| divvg =g, IVallus (@) < Caiv 1920
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Nonconforming discretization
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B Let Q c RY be a connected, bounded, open polygon or polyhedron with a Lipschitz boundary.
Family of meshes (75)s, with h — 0.

Notations

® Simplicial regular triangulation: 7, = U K.
K
Vertices set: Sy = J S.
s

Facets set: Fj = U F = F,UFF;, F}(resp. FP): inner (resp. boundary) facets.
F
Orthonormal vectors to facets: (nF)rcr, (NF outward oriented if F € 0Q).

B h: diameter of element K,  pk: diameter of the inscribed sphere of element K,

do > 0|Vh, VK € Tp, Uth—KSU
PK
T \1/2 . . .
B Ford=20> (ﬁ) where 6 is the smallest angle of the triangulation.
T\

3
B Ford=3,0> ( ) where w is the smallest solid angle of the triangulation.

2w
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Bilinear form (uy, v), and operator divy,

® Piecewise regular functions.
B PH' = {vel?(Q)|VK e Th vik € H'(K)}, PH' = (PyH")".
Vv, wePhH', (v,w)h=>_ (gradv,gradw)iox), [vIi= > llgrad v|,
KeTh KeTh
v, wePH, (v,w),= > (Gradv,Gradw),z), [IV[5= > [Gradv|Z,
KeTh KeTh
B |nterface jumps for v € PyH":
For F € F}, F = KL N Kg, nf oriented from K to Kg [V]|F = (Vix, — V‘KR)“__
For F € .7:,?, [V]|F = ViF.
" PyH(div) = {v € L(Q) |VK € Th, V| € H(div; K)}.

Operator divy: YV € PpH(div), Vg € L3(Q), (divaV,q) = > (divV,q)izq
KeTy
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Nonconforming mixed finite elements (/) Crouzeix-Raviart'73

B Nonconforming approximation of H'(Q):
Xy = {v € L3(Q)|VK € T vix € PX(K) and VF e Fl, Vg e P\ (F) /F[v] g o} .
® Nonconforming approximation of Hj (Q):
Xoh = {ve Xy |VF € Ff, Vg e P*'(F) /qu:o}.

B Thanks to the patch test, on can prove that:
The mapping v, — ||Va||n is @ norm on X 4.
We have a discrete Poincaré-Steklov inequality Ern-Guermond’21, Lemma 36.6:
Ve Xon, IVIeg < Crsllvin
B Approximation of X = H}(Q) x L3(Q):
Nonconforming approximation of H' (Q) and H}(Q2): X, = (X»)? and Xo,» = (Xo,n)°.
Approximation of L5(Q):  Qn={q € L5(Q)|VK € Tn, qk € P '(K)}.

2 -2 2 1/2
o= Xonx Qn, (V@) lx, = (VI3 + 072 lalee) -
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Nonconforming mixed finite elements (i/) Crouzeix-Raviart'73

B (FV, — S) Find (up, prn) € Xh such that V(vp, gn) € Xa: as,n ((Un, Pr), (Vh, Gn)) = (Vh).

a . Xh X Xh —- R
Sh ( (u;‘np;?)? (Vh7 qh) ) = v (u;H Vh)h - (dth Vh, pl/‘l) - (dth U;” qh)

For f € L*(Q), &s(Vh) = (f,Vh)L2(0)-
Forf € H'(Q), 4(vn) = (f,Zn(Vn) Juy) Veeser-Zanotti'18.
B Suppose there exists a Fortin operator My : H' () — X;, such that

wWeH (Q) (divaMuv,q) = (divV,Q)zq), Vg€ Qn,
3C>0|vw e H'(Q) [Macvlln < ClGrad vz (q).

Let pj € O C L5(). Consider v, € V* such that
divvy = ph and Ve ln1() < Caiv llPhll2(0)-
Let Vhp, = I‘I,,cvp;. We have, setting 6div -C Cuaiv :
Vg € Qn(divnVhp. Q) = (bh @)z @ [V lln < Caiv [|Phll2(0)-
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Mixed finite elements P}, — P° Crouzeix-Raviart'73, Example 4

B Approximation of H)(Q) x L3(Q): Xor = Xor X Qer.

Xe = (Xer)?, Xor= {vh e L*(Q)|VK € Th Vhik € P'(K); YF € F /[vh] = O},
F
Qv = {qh € L3(Q)|VK €Tr Qi € PO(K)}.
- 0 siF¢oK,
Xor = vect ((Vr)rez, ), With:  drji := { 1—dis.x siF€oK.
B Degrees of freedom: Barycentric coordinates:
S3 33 81
52 F2 F1
82 82

S; Si F;3
Velocity, pressure. Ask = (d\K|)’1(dS; —X) - SF, k.

We have: grad s x = —d grad \s, x = |K| 'Sk k.
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Fortin operator P}, — P°

. . 1
B |nterpolation operator for scalar fonctions: m; : H' (2) = Xer, merv = Z (ﬁ/ V) PE.
FeFy, F

Apel-Nicaise-Schéberl'01, Lemma 2:
grad 7o vk = |K|™ / grad 7oV = \K|*1/ TerV N = |K|*‘/ vn=|K|™" / gradv.
K oK oK K

Hence: |grad e vix| < |K|"/?||grad v|,2 = [[grad e v|;2(x) < [lgrad v||z
Forall v e H'(Q), we have: ||mev||n < ||grad v| z(q

B Fortin operator / Interpolation operator for vector fonctions: MgV = (7er Vi )2 ;.

/V SF.k
VKeﬁ/dlvﬂc,v_ Z|K| Z/v nFK*/dIVV

K Feak Feoak
For all v e H'(Q), for all g» € Qcr, we have:
[Mervlln < ||Grad v|li2q) and (divyMerV, gn) = (div Vv, gh).2(q)
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Mixed finite elements P2, — P}, Fortin-Soulie’83

B Approximation of H)(Q) x L3(Q): X = Xgs x Q.
Xis = (X)) Xis = Xo,1g © ®, Qs = {Qh € L2m(Q)|VK € Th, gne P1(K)} .

XO,Ig = {Vh S HZ(Q) |VK S 771, Vh\K (S Pz(K), Vh|aQ:0} s
We set:

o {¢h € L2(Q) | énk = ok b, ak € R} where ¢x =2 -3 3 N3 4.

SeokK
B Gauss-Legendre points: Degrees of freedom:

pr>---"p2

Velocity, pressure.
. F
B Integration: Vq € P*(F), / qg= |2—‘ (g(p1) + g(p2) ).
F

VF € 0K, Vq € P'(F), /quq:o.
F
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Fortin operator P2, — Pl

B |nterpolation operator for scalar functions:

VS E€Vh, (#6(V))(S) = (mscott—znang(V))(S)
e : H'(Q) = X | YF € Fp, [7s(v) = [ev
VK € T, JeTus(v) = [ev
® |nterpolation operator for vector functions: My : H'(Q) — Xz | Mis(V) = ' (rs(Vx), Frs(vy )
® Fortin operator:
VS € Vh, (Ns(vV)(S) = (Mscott—znang(V))(S)
M : H'(Q) — X | VF € Fn, [:Ns(v) = [ov
VK € Tn, [ xdivlg(v) = [ xdivv

B Forallv e H'(Q), for all g» € Qss, we have: (divy MgV, gn) = (divV, Qh)i2()-
B Theorem: Letop > 0. Forallv € ﬂ H”S(Q), we have:

0<s<op

Vs €0, 0], VK € Th, IGrad (Msv — V) 20,
Vs E]O,O’D[7 3Crs :(9((72)7 ||nfsV7V||h

(ok)? (hK)® V|15 K,

<
< Crs h° V|14s,0.
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Stability constant of Fortin operator P2, — P}, (i)

= |Grad (Mis(v) = V) ll.2gc) S 1Grad (Ms(v) = Ms(v) ) Iluz(e + |Grad (Tls(v) = v) ll2gx)-

® Forall v € P?(K), Ng(V) = V.
Thanks to Bramble-Hilbert/Deny-Lions Lemma, we have Ern-Guermond’21, Lemma 11.9:

weH'(Q), |Grad (ﬁ,s(v) —v) lizgy S ok Nk,

wv e H3(Q), |Grad (ﬁ,s(v) - v) lizgy S ok hi Ve
B Using interpolation theory Tartar'07, Lemma 22.2:

we () H'(Q), |Grad (ﬁ,s(v) —v) iz S ok (k)° V] 1ss.k-

0<s<op
m Mg(v) = D Vsts+ > Vedr+ Y ke, Me(V)= > Vsbs+ D Veor+ > Vkok.
Sevyy FeFy KeTh Sevyy FeFy KeTh
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Stability constant of Fortin operator P2, — P,

N \\\ \
B We have: M(V) — Mi(V) = (Vk — Vk) ¢k, hence:

|Grad (Ms(v) = (V) Lz = [IGrad ( (Vi — i) dc) llzqr

A

lgrad ¢xl|izx) Ve — V|,

A

oK ‘VK — \~IK|
B | et us estimate |vx — Vk|.

[ (16 =) = [ w90 = G e -

[ (M) =fe) = [ ) =)= [ x @) =v)moc= [ x (Fsv) ~v) -me

® Lemma (x): Letw € H'(Q) and g € P'(K). Setting w = w/x — ffT“” we have:

[, awen
oK
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Stability constant of Fortin operator P2, — P} (iii)
B Using Lemma (*), we get:

Vic — G| = 4 |K| " < 4|Grad (Fi(v) = V) ll.20)

/a;(x (ﬁfs(v) - v) “Njok

B We deduce that Wv € H'(Q):

|Grad (Mis(v) = (V) lluz) S o Vic = Ul S o [|Grad (is(v) = V) [l

= Stability constant for Mz vv e (1) H'*(Q),

0<s<op

IGrad (Ms(v) = V) ey S (ok + 1) [|Grad (Tls(v) = V) lloge),

A

(k)% (h)® [V 145,k
[Grad (Mis(V) = V) 2y < 0 h®|V|14s0 by summation.
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Numerical results
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Numerical results with a regular solution

® Stokes Problem in Q = (0, 1)? with:

B ((1 —cos(27 X)) sin(2my)
~ \(cos(2my) — 1) sin(27 x)

) , p=sin(2nx)sin(2ry), f=-vAu+ gradp.

B Plots eg(u) = [Ju — Un|2(q)/Il(u, p)||x for v = 1.00 e — 4. Convergence rate: T = 3.
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—o— X —m— Xis + MNgr,

107*%  107%  107'® 107'°
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1014

Xss: up ¢ H(div; Q).
Xrs + |-|/:e7'1 Uy € H(div ; Q).

Pressure robust disc.:
Linke et al

Mgr, computation:
Gatica’'14, Lemma 3.11
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Numerical results with a low-regular solution
. 0.5 _
® Stokes Problem in Q = (0,1)%. We set: xo = (O.S) , (r,0)= (|x — Xol, arctan (%) )
Consider the prescribed solution (with inhomogeneous Dirichlet BC):

u=r-ey, p:rﬁ—/rﬁ, f=—v(a? —1)p*%es + fBe.
Q

1()—3E E a=045and 5 =1,
] v=1.00e—4,
A R
) ./ _— s = 2.18,
1075 — ]

Tfs+rt = 1.39.
|+ Xis —m— Xz + MNpr,

107148 1071.6 1071.4 1071.2 1071
h
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Conclusion
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Conclusion

B [ ocal stability estimates:
For order 1 in 2D and 3D without mesh regularity assumption.
For order 2 in 2D with mesh regularity assumption.
B Higher order and higher dimension:
Heavy mathematical material needed Sauter et al.
Splitting the normal and tangential components could help to get (local) stability estimates.
® Numerical results could be enhanced using BDM projection instead of RT.
Brezzi-Douglas-Marini’85, Boffi-Brezzi-Fortin’13.
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