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Geometry
ui = ui(xh, z) = (ui ,h,wi), ui ,h = (ui ,x , ui ,y ) : velocity of fluid
i = 1, 2, xh = (x , y)
pi = pi(xh, z) : pressure of fluid i ,
Γ1 top of fluid 1, Γ2 bottom of fluid 2, ΓInt : interface between
both fluids


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


 

Figure – Computational box
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Equations
The equations are the following.

(ui · ∇)ui −∇ · (ν it∇ui) +∇pi = fi in Ωi ,
∇ · ui = 0, in Ωi ,

ν it
∂ui ,h
∂ni

= −CD(ui ,h − uj,h)|ui ,h − uj,h|, on ΓInt ,

ν it
∂ui ,h
∂ni

= −ci(ui ,h − Vi) on Γi ,
ui · ni = 0 on ΓInt ∪ Γi ,

(1)

where xh = (x , y) ∈ T2 = T2 = [0,L1]×[0,L2]
Z2 ,

ν it = ν it(z ,ui ,h) = νi + C i
sz2|∇ui ,h|

is the eddy viscosity, νi the molecular viscosity, C i
s the

Smagorinsky’s constant.

CD and ci are friction coefficients.

Vi velocities of the respective contact layers.
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Functional spaces
Recall the the interface ΓInt is given by

ΓInt = {(xh, 0), xh ∈ T2}.
The boundaries Γi are given by

Γ1 = {(xh, z+
1 ), xh ∈ T2},

the top of fluid 1,
Γ2 = {(xh, z−2 ), xh ∈ T2},

The bottom of fluid 2. For the simplicity we set
J1 = [0, z+

1 ], J2 = [z−2 , 0],
where z+

1 > 0 and z−2 < 0. In other word, the domains Ωi can be
defined

Ωi = T2 × Ji ,
although for pratical calculations

Ωi = [0, L1]× [0, L2]× Ji .
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Functional spaces
Let

Wi = {u ∈ H1(T2 × Ji), u · ni |ΓInt∩Γi = 0},
equipped with the norm

||u||i ,1 = ||∇u||L2(T2×Ji ) + ||tru||L2(Γi ),

where u→ tru denotes the trace operator, which will not
systematically mentionned.
Let W denotes the product space

W = W1 ×W2.

Remark
In view of a mixed formulation velocity-pressure, we dot consider
spaces for velocities with zero divergence.

Pressures will be seek in :
X = L2(T2 × J1)/IR × L2(T2 × J2)/IR.
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Variational formulation
Diffusion :

A(U,V) =
∫
T1×J1

ν1
t∇u1 · ∇v1 +

∫
T2×J2

ν2
t∇u2 · ∇v2.

We denote by a the continous operator W →W ′ given by :
〈a(U),V〉 = A(U,V),

which is a monotone operator.
Transport :

B(U,V,W) = B1(u1, v1,w1) + B2(u2, v2,w2),
where

Bi(ui , vi ,wi) = 1
2

(∫
T2×Ji

(ui · ∇)vi ·wi −
∫
T2×Ji

(ui · ∇)wi · vi .
)
.

We also will consider b : W ×W →W ′ which satisfies
〈b(U,V),W〉 = B(U,V,W).
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Variational formulation

Pressure :

N(P,V) = 〈n(p),V〉 = −
∫
T2×J1

p1∇ · v1 −
∫
T2×J2

p2∇ · v2.

Friction terms :

〈g(U,V),W) = G(U,V,W) = CD

∫
ΓInt
|ui ,h−uj,h|(vi ,h−vj,h)·(wi ,h−wj,h)

h(U),V)〉 = H(U,V) = c1

∫
Γ1

(u1,h−V1)·v1,h+c2

∫
Γ2

(u2,h−V2)·v2,h

Source term :

〈F,V〉 =
∫
T2×J1

f1 · v1 +
∫
T2×J2

f2 · v2
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Variational formulation

Remark
Notice that for all V,U ∈W,

B(V,U,U) = 0,

when ∇ · ui = 0,

Bi(ui ,ui , vi) =
∫
T2×Ji

(ui · ∇)ui · vi ,

and for all P ∈ X,
N(P,U) = 0.

Moreover, for all U ∈W,

G(U,U,U) = CD

∫
ΓInt
|u1 − u2|3 ≥ 0,
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Variational formulation

Definition
We say that (U,P) = [(u1,u2), (p1, p2)] ∈W × X is a weak
solution to Problem (1) if :

∀ (V,Q) ∈W × X ,

B(U,U,V)︸ ︷︷ ︸
transport

+A(U,V)︸ ︷︷ ︸
diffusion

+ H(U,V)︸ ︷︷ ︸
top,bottom

+G(U,U,V)︸ ︷︷ ︸
interface

+N(P,V)︸ ︷︷ ︸
pressure

=

〈F,V〉︸ ︷︷ ︸
sources

,

(Q,∇ ·U) = 0︸ ︷︷ ︸
incompressibility

.

In other words, Problem (1) can be written as : U ∈W , and{
b(U,U) + a(U) + h(U) + g(U,U) + n(P) = F ∈W ′,
∇ ·U = 0 in X ,
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Existence Result

Theorem
Problem (1) has an unique solution (U,P) ∈W × X that satisfies
satisfies the energy equality :

A(U,U) + H(U,U)︸ ︷︷ ︸
yields the norm in W

+G(U,U)︸ ︷︷ ︸
≥0

= 〈F,U〉,

in particular for i = 1, 2,

ui ∈W 1,3(Ωi ; z2).
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Numerical algorithms

Simple recurrence algorithm

b(Un,Un+1) + a(Un+1) + g(Un,Un+1) + h(U) + n(Pn+1) = F.

Double recurrence algorithm
Let

〈g̃(U(1),U(2),V),W〉 =

CD

∫
ΓInt
|u(1)

i ,h − u(1)
j,h |

1/2|u(2)
i ,h − u(2)

j,h |
1/2(vi ,h − vj,h) · (wi ,h −wj,h)

b(Un,Un+1)+a(Un+1)+ g̃(Un−1,Un,Un+1)+h(U)+n(Pn+1) = F.
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2D simulations with FreeFem
Parameters : z0 = 20, za = 100, L = 150 and

CD = 0.01,
νah = 10, νav = 1, νoh = 1, νov = 0, 1

Friction at the top of the atmospheric layer and the bottom of the
ocean layer :

Vtop = ulogtop (log law) Gbot = 0.
Pression regularization

νpa = 10−5 = νpo

Smagorinsky’s contants
Co
s = 0.01, Ca

s = 0.001
Relative error (< 10−3) :

δUn = ||Un+1 −Un||L2

||Un||L2
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2D simulations with FreeFem
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