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Frame of the analysis

• Study the iteration map

• Find its eigenmodes

• De�ne from them the optimal coarse space

• Design an optimized coarse space
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The modal analysis

with crosspoints
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The subdomain decomposition
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The subdomain solution

−∆uij = 0

Ansatz for the solution by separation of variables

uij = (aij sin ζ(x−xj−1)+a′ij sin ζ(x−xj))(bij sinh ζ(y−yi−1)+b′ij sinh ζ(y−yi ))
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Modal analysis 2× 2 subdomains Two-level algorithm Optimized Robin

The iteration map

u = {uij} harmonic in the subdomains → v = {vij} harmonic in
the subdomains, coupled as a slight generalization with
transmission condition,

∂xvij + pvij = ∂xuij+1 + puij+1, x = xj + L,
−∂xvij+1 + pvij+1 = −∂xuij + puij , x = xj − L.

• p = +∞, L > 0, parallel Schwarz
• 0 < p < +∞, L > 0, parallel overlapping Robin-Schwarz
• 0 < p < +∞, L = 0, parallel nonoverlapping Robin-Schwarz.
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Modal analysis 2× 2 subdomains Two-level algorithm Optimized Robin

Eigenmodes of the iteration map
(λ, u) such that v = λu.

uij = (aij sin ζ(x−xj−1)+a′ij sin ζ(x−xj))(bij sinh ζ(y−yi−1)+b′ij sinh ζ(y−yi ))

From now on, all subdomains are squares with length H.

Theorem, 2020

λ(Z+ + δ
(j)
x Z 0)aijbij = (Z 0 + δ

(j+1)
x Z−)aij+1bij+1

λ(Z 0 + δ
(j+1)
x Z+)aij+1bij+1 = (Z− + δ

(j)
x Z 0)aijbij

λ(Z+
h + δ

(i)
y Z 0

h )aijbij = (Z 0
h + δ

(i+1)
y Z−h )ai+1jbi+1j ,

λ(Z 0
h + δ

(i+1)
y Z+

h )ai+1jbi+1j = (Z−h + δ
(i)
y Z 0

h )aijbij

Z− = ζ cos ζ(H − L) − p sin ζ(H − L), Z−h = ζ cosh ζ(H − L) − p sinh ζ(H − L),
Z+ = ζ cos ζ(H + L) + p sin ζ(H + L), Z+

h = ζ cosh ζ(H + L) + p sinh ζ(H + L)
Z 0 = ζ cos ζL + p sin ζL, Z 0

h = ζ cosh ζL + p sinh ζL

j = 2, · · ·N − 1,
a′ij
aij

=
a′1j
a1j

:= δ(j)x , i = 2, · · ·M − 1,
b′ij
bij

=
b′i1
bi1

:= δ(i)y .
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Modal analysis 2× 2 subdomains Two-level algorithm Optimized Robin

Dispersion relation (equation for modes) and eigenvalues

Z− = ζ cos ζ(H − L) − p sin ζ(H − L), Z−h = ζ cosh ζ(H − L) − p sinh ζ(H − L),
Z+ = ζ cos ζ(H + L) + p sin ζ(H + L), Z+

h = ζ cosh ζ(H + L) + p sinh ζ(H + L)
Z 0 = ζ cos ζL + p sin ζL, Z 0

h = ζ cosh ζL + p sinh ζL

Theorem

δ(j)x =
a′ij
aij
, λ2 =

Z− + δ
(j)
x Z 0

Z+ + δ
(j)
x Z 0

Z 0 + δ
(j+1)
x Z−

Z 0 + δ
(j+1)
x Z+

, j = 2 · · ·N − 1,

Similarly in y

δ(i)y =
b′ij
bij
, λ2 =

Z−h + δ
(i)
y Z 0

h

Z+
h + δ

(i)
y Z 0

h

Z 0

h + δ
(i+1)
y Z−h

Z 0

h + δ
(i+1)
y Z+

h

, i = 2 · · ·M − 1.

ζ = 0 : a�ne modes.
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The a�ne modes

Theorem

1. 2(N − 1) a�ne modes for N × N subdomains,

2. No a�ne modes for M 6= N.
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Example : 4× 4 subdomains
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2× 2 subdomains

basic elements
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Dispersion relation (equation for modes) and eigenvalues

Z− = ζ cos ζ(H − L) − p sin ζ(H − L), Z−h = ζ cosh ζ(H − L) − p sinh ζ(H − L),
Z+ = ζ cos ζ(H + L) + p sin ζ(H + L), Z+

h = ζ cosh ζ(H + L) + p sinh ζ(H + L)
Z 0 = ζ cos ζL + p sin ζL, Z 0

h = ζ cosh ζL + p sinh ζL

λ2 =

(
Z−

Z+

)2

=

(
Z−
h

Z+
h

)2

.

Z−

Z+
=

Z−
h

Z+
h

→ ζk1 (p,H, L),
Z−

Z+
= −Z−

h

Z+
h

→ ζk2 (p,H, L),

Nonoverlapping case :

F1(ζ) = sinhHζ cosHζ − sinHζ coshHζ
F2(ζ; p) = ζ2 cosHζ coshHζ − p2 sinHζ sinhHζ.
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2× 2 subdomains : dispersion relation

Z−

Z+
= (−1)i

Z−
h

Z+
h

⇐⇒ Fj(ζ) = 0.
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Fig. 3.1. <Fj(x+iy) = 0 in red and =Fj(x+iy) = 0 in blue. Left F1, middle F2 with pH = 0.5,
right F2 with pH = 10.

Theorem 3.1. F1 and F2 have a countable number of zeros. The zeros of F1 
are either real or pure imaginary. The zeros of F2 are either real or pure 
imaginary, or diagonal, that is < = =, in the case pH > 1.

Theorem 3.2. The real positive zeros of F1 are denoted by ζk1 (H), they are linear
in H. The real positive zeros of F2 are denoted by ζk2 (H, pH). The other zeros are
−ζkj and ±iζkj . Furthermore F2 has for pH > 1 a unique root not zero on the diagonal
axis , it is called ζd = (1 + i)xd, with xd > 0.

of Theorem 3.1. Since the Fi are entire functions, we can use the Picard The-
orem to see that their roots are countable. The Great Picard’s Theorem says if
an analytic function f has an essential singularity at a point w, then on any punc-
tured neighborhood of w, f(z) takes on all possible complex values, with at most a
single exception, infinitely often. Modify the function F1 a bit into the function
Gj(z) = sinh z cos z sin z cosh z are entire function, thus with essential singularity at
infinity only. Therefore we have only to check that 0 is not an exceptional value. But
since sin(z+ 2π) = sin(z), if 0 is exceptional, then any multiple of 2iπτ is exceptional
as well, which contradicts the great Picard theorem. Now we have to prove that the
family of solutions of (??) is numerable and tends to infinity. Consider a closed ball
B in C. Suppose there is an infinite number of solutions in B. Then the family has an
accumulation point in B, which is therefore a non isolated zero of the entire function
F , which is impossible. Now in any ball of radius k, there is a finite number of zeros.
Since the union of such balls for k in Z covers C, we have a countable family of zeros
of F . Note z = ζH, α = 1

pH , and rewrite the equations as

(3.2) G1(z) := tan z−tanh z = 0
(3.3)
G2(z) := tan z tanh z − α2z2 = 0

By trigonometric formulas, tan(iz) = i tanh(z).
Then we have the symmetry relations, Then if z is solution of (3.2) or (3.3), so

are −z, iz and z̄ and we can restrict the interval of study to arg z ∈ [0, π4 ]. Start with
the easiest one, (3.2). Use the trigonometric formulas

tan(x+ iy) =
tanx+ i tanh y

1− i tanx tanh y
, tanh(x+ iy) =

tanhx+ i tan y

1 + i tanhx tan y
.

The only potential problem of definitions in these formulas would be if x ≡ π
2 [π],

where tanx goes to infinity,but in this case we can easily take the limit in the formula

7
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2× 2 subdomains : A�ne modes
Classical Schwarz Overlapping Robin Nonoverlapping Robin
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Fundamental modes

Theorem, 2020

When L is small (PS) and/or p is large (Robin), the a�ne modes
for N × N subdomains are asymptotically special linear
combinations of
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Continuous/discontinous
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Figure 8.3 � 2 Modes a�nes réels pour 9 sous-domaines, p = 4, H = 1/3.
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Continuous/discontinous
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Coarse space assembly from the new basic elements
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The two-level parallel

Schwarz method
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Principle of the new two-level parallel Schwarz method
1. smoothing by Schwarz with ν ≥ 1 smoothing steps(multigrid

inspiration),
2. coarse correction, coarse space assembled from ΘC and ΘD ,
3. use DCS-DMNV for the projection (Gander, Halpern, Santugini,

On optimal coarse spaces for domain decomposition and their

approximation, DD XXIV, Springer, 2017)
4. for Robin-Schwarz use optimized parameter.
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Two- level Experiment : 4× 4 subdomains, FEM, no overlap
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Optimized Robin-Schwarz, best parameter

One-level Optimization two-level Optimization
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Optimized Robin-Schwarz, convergence
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Optimization of

the Robin coefficient
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Convergence factor : 2× 2 subdomains

Convergence factor : |λ| =
∣∣∣Z−h
Z+
h

∣∣∣ as a function of ζ.
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2× 2 subdomains : optimized Robin
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General decomposition (METIS)
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General decomposition (METIS)
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Two-level enrichment

Other modes for 2× 2 subdomains
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Modes of type I

2.4 Plots of the �rst non a�nes modes for H = 1

2.4.1 Modes of type I
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Figure 2.3: Modes associated to the �rst frequency ζ1
1 = 3.9266:

λ = ρh(ζ1), top, λ = −ρh(ζ1), bottom. ζ, left, iζ, right

The modes associated to λ = ρh are discontinuous along the interfaces, only U11(0, 0) = U22(0, 0) and U12(0, 0) =
U21(0, 0). The modes associated toλ = −ρh are continuous along the interfaces.
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Modes of type II
2.4.2 Modes of type II
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Figure 2.4: Modes associated to the frequency ζ1
2 = 3.9028:

λ = ρH(ζ), top, λ = −ρH(ζ), bottom. ζ, left, iζ, right

The modes associated to λ = ρh are continuous along the interfaces x = 0, while the modes associated to
λ = −ρh are continuous along the interfaces y = 0. Vice-versa for iζ.

The We show now the real and imaginary parts of the diagonal mode associated to zd = xd(1 + i).
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Diagonal mode
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Figure 2.5: Diagonal mode for p = 4, H = 1. Top λ = −0.4168i, bottom λ = 0.4168i. Left real part, right
imaginary part. ζd = 2.8123(1 + i)
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Summary
1. New coarse space components are based on a spectral analysis

of the parallel Schwarz iteration operator,
2. New coarse space components are the same for parallel

Schwarz, and overlapping and non-overlapping optimized
Schwarz,

3. Assembly of the new coarse space is based on local continuous
and discontinuous FEM type functions on subdomains

4. Enrichment is possible with known oscillatory enrichment
functions,

5. Optimization of transmission conditions taking the new coarse
space into account,

6. Generalization for automatically partitioned domains into
subdomains by METIS.

Ongoing : Full analysis of the 2× 2 operator.
Future work : assembly based new coarse space for high contrast
problems, · · ·
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Thank you for your
attention
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