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The subdomain solution

—Au,-j =0
Ansatz for the solution by separation of variables
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uy = (a sin ((x—xj_1)+aj; sin ((x—x;)) (b sinh {(y—yi—1)+bj; sinh ((y—y;))
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uj = (ay sinh {(x —xj—1) + aj; sinh {(x — x;)) (by sin {(y — yi—1) + bjj sin {(y — yi)) 534
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The iteration map

s Qit1j+1

u = {uj} harmonic in the subdomains — v = {v;;} harmonic in
the subdomains, coupled as a slight generalization with
transmission condition,

Ocvij+pvij = Oxljip1 + pujpr, X=X+ L,
—Oxvijjy1 + pviiy1 = —Oxuj + pujj, x=x; — L.

® p=+00, L>0, parallel Schwarz
® 0 < p<+oo, L>0, parallel overlapping Robin-Schwarz
® 0 < p<+oo, L=0, parallel nonoverlapping Robin-Schwarz.

6/34



Modal analysis 2 X 2 subdomains Two-level algorithm Optimized Robin
00008000 00000000 00000 00000000000

Eigenmodes of the iteration map
(A, u) such that v = \u.

ujj = (ay sin ((x—xj_1)+aj sin {(x—x;))(by sinh ¢(y —yi—1)+bjj sinh {(y—y;))

From now on, all subdomains are squares with length H.
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Eigenmodes of the iteration map
(A, u) such that v = Au.

uj = (ajjsin C(Xij_l)Jrafj sin {(x—x;))(bjj sinh C(yfy,-_l)erf-j sinh ((y—yi))

From now on, all subdomains are squares with length H.

Theorem, 2020

A
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A(Z,

(z

Z~ =(cos¢(H—-L)—
t = (cosC(H+ L)+ psin¢(H +
Z% = Ccos¢L + psin(L,

J:27N_17

+8927%a;b; = (Z° + 61 27 )ay 1 by
+09 ™ Z%)a511bj11 = (Z7 + 69 2°)ayby
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Dispersion relation (equation for modes) and eigenvalues

Z= =(cos¢(H—L)—psin¢(H—-L), Z; ={cosh{(H—L)— psinh({(H— L),
Zt =(Ccos((H+ L)+ psin¢(H+ L), Z5 =(cosh((H+ L)+ psinh((H + L)

Z% = CcosCL+ psin(L, ZY = Ccosh (L + psinh L
Theorem

s _ % e Z A8z sz

X pu— 77 p— " - 5 j - DY
ajj Z++ 692720 70 46Ut z+

Similarly in y

s e _Z+8 sz
Yo by’ z++ 6070 70 4 500z

¢ = 0 : affine modes.
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The affine modes

Theorem
1. 2(N — 1) affine modes for N x N subdomains,
2. No affine modes for M # N.
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Example : 4 x 4 subdomains

*%

A=0.94295 2=0.81734 A=0.70773

A=-0.94295 1=-0.81734 A=-0.70773
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2 X 2 SUBDOMAINS
BASIC ELEMENTS

11/34



2 X 2 subdomains
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el algorithm

Dispersion relation (equation for modes) and eigenvalues

Z= =(cos¢(H—L)—psin¢(H—-L), Z; ={cosh{(H—L)— psinh({(H— L),
=(cosC(H+ L)+ psin¢(H+ L), Z+ ¢cosh ((H + L) + psinh {(H + L)

Z° = CcosCL + psin(CL, Zh = (cosh(L+ psinh(L
e_ (% 2 1z;\?
e F = Zii‘:’ .
-  Zy Z- Z;
F:Z_A,__)Cl(paHL) F: Z+_>C2(p7HL)

Nonoverlapping case :

F1(¢) = sinh H cos H( — sin H( cosh H(
F2(¢; p) = ¢? cos H( cosh HC — p? sin HC sinh HC.
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2 X 2 subdomains : dispersion relation

5:(—1)Z—h; — F(0)=0.

Optimized Robin
00000000000

FiG. 3.1. RF;(x+iy) = 0 in red and SFj(x+iy) = 0 in blue. Left 1, middle F> with pH = 0.5,

right Fo with pH = 10.

THEOREM 3.1. Fy and F» have a countable number of zeros. The zeros of Fy
are either real or pure imaginary. The zeros of Fy are either real or pure

imaginary, or diagonal, that is R = <, in the case pH > 1.
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2 x 2 subdomains : Affine modes

Classical Schwarz Overlapping Robin  Nonoverlapping Robin
ko
(=0 A=0.81818 (=0 A=0.18467 (=0 1\=0.6972

1 1 1
05 05 05
y 0 o x y 0 o x y 0 o x

(=0 X=-0.81818 (=0 \=-0.18467 (=0 A=-0.6972
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Fundamental modes

Theorem, 2020

When L is small (PS) and/or p is large (Robin), the affine modes
for N x N subdomains are asymptotically special linear
combinations of
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Continuous/discontinous

e affine, e =1, A =0+0.169031 mode affine, € =1, A =0-0.16903i
p=4 H= 033333 p=4 H=0.33333
0.4 02 0.4
02 0.1 0.2,
0 o 0
0.2 -0.1 0.2
0.4 -0.2 0.4

05 os 05
0 0o 00
mode affine, e =-1, A =0.37796 mode affine, € =-1, A =-0.37796
p=4 H=0.33333 p=4 H=0.33333

o
IS

S
PSS =N

FIGURE 8.3 2 Modes affines réels pour 9 sous-domaines, p =4, H = 1/3.
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Continuous/discontinous
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Coarse space assembly from the new basic elements

QIFEM, continuous function (number 5)

0t 02 o 02 o4 1
QIFEM, continuous functions 1 to 9

QUFEM, discontinuous function (number 5)

-

“ " orem, discontinuous functions 1to s 18 /34
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THE TWO-LEVEL PARALLEL
SCHWARYZ METHOD
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Principle of the new two-level parallel Schwarz method

1.

smoothing by Schwarz with v > 1 smoothing steps(multigrid
inspiration),

coarse correction, coarse space assembled from ©€ and P,
use DCS-DMNYV for the projection (Gander, Halpern, Santugini,
On optimal coarse spaces for domain decomposition and their
approximation, DD XXIV, Springer, 2017)

for Robin-Schwarz use optimized parameter.

JHON
0O\
POOOON
oo
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Two- level Experiment : 4 X 4 subdomains, FEM, no overlap

) o Qu D
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Optimized Robin-Schwarz, best parameter
One-level Optimization two-level Optimization
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Optimized Robin-Schwarz, convergence

10°
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108

Error

10-10
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104

10716

10718

———OSM, pop = 14.60
——OSM, p = 50.40
2level-OSM(v = 1), popi = 50.40

2level-OSM(v = 4), p = 50.40
T I

10 20

30

40 50 60 70
Iteration
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OPTIMIZATION OF
THE ROBIN COEFFICIENT
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Convergence factor : 2 x 2 subdomains
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2 X 2 subdomains : optimized Robin

Optimized Robin
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General decomposition (METIS
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General decomposition (METIS)
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Two-level enrichment

Other modes for 2 x 2 subdomains
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Modes of type |

p =4, =-0.0088692 p =4, = -0.0088692
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‘\\\\\‘
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N
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Modes of type Il

p=4,A=-0.011892

p=4,A=-0.011892
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Diagonal mode
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Summary
1. New coarse space components are based on a spectral analysis
of the parallel Schwarz iteration operator,
2. New coarse space components are the same for parallel
Schwarz, and overlapping and non-overlapping optimized

ly of the new coarse space is based efi local contml@us
lscontmuous FEI\/I type functlons on subdomalns

. Optimization of tra mission conditions taking the new coarse
space into account,
6. Generalization for automatically partitioned domains into
subdomains by METIS.
Ongoing : Full analysis of the 2 x 2 operator.
Future work : assembly based new coarse space for high contrast

problems,
33/34
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