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2 Diffuse Interface Fluids



Diffuse Interface Models from Thermodynamics

• Diffuse interface fluids from thermodynamics

Van der Waals (1891) Korteweg (1901) Dunn and Serrin (1985)

• Cahn-Hilliard fluids from thermodynamics

Cahn and Hilliard (1958) (1959) Lowengrub and Truskinovsky (1997)

Falk (1992) Verschueren (1999) Heida et al. (2012)

• Ambiguity of thermodynamic derivations from kinetic derivation

Giovangigli (2020) (2021)



Diffuse Interface Fluids (1)

• Van der Waals free energy A = Acl(ρ, T ) + 1

2
κ|∇ρ|2

p = pcl(ρ, T )− 1

2
κ|∇ρ|2 E = Ecl(ρ, T ) + 1

2
(κ − T∂Tκ)|∇ρ|2

Gibbs relation T dS = dE − g dρ− κ∇ρ· d∇ρ

• Conservation equations

∂tρ+∇·(ρv) = 0

∂t(ρv) +∇·(ρv⊗v) +∇·P = 0

∂t
(
E + 1

2
ρ|v|2

)
+∇·

(
v(E + 1

2
ρ|v|2)

)
+∇·(Q+P·v) = 0



Diffuse Interface Fluids (2)

• Entropy balance

∂tS +∇·(vS) +∇·
(Q
T

− κρ∇·v∇ρ

T

)

= − 1

T

(
P − pI − κ∇ρ⊗∇ρ+ ρ∇·(κ∇ρ) I

)
:∇v −

(
Q− κρ∇·v∇ρ

)
·∇

(−1

T

)

• Transport fluxes

P = pI + κ∇ρ⊗∇ρ− ρ∇·(κ∇ρ)I +Pd

Q = κρ∇·v∇ρ+Qd

Pd =− v∇·v I − η
(
∇v +∇vt − 2

d∇·v I
)

Qd = −λ∇T



Diffuse Interface Fluids (3)

• Ambiguity of thermodynamics

−κρ∇·v ∇ρ·∇
(−1

T

)

• Kinetic or molecular derivation

BBGKY hierarchy

New Enskog type scaling of kinetic equations

Simplification of pair distribution functions

Taylor expansions of pair distribution functions

Diffuse Interface and Cahn-Hilliard fluid equations



Diffuse Interface Fluids (4)

• Thermodynamic stability

Assume that zcl = (ρ, T )t 7→ ucl = (ρ, Ecl)t is locally invertible then

∂2
u
cl
u
clScl negative definite ⇐⇒ ∂T Ecl > 0 and ∂ρp

cl > 0

• Assumptions on thermodynamics

(Hcl

1 ) Ecl, pcl, and Scl are Cγ functions of zcl = (ρ, T )t over O
z
cl

O
z
cl ⊂ (0,∞)2 simply connected nonempty open set.

(Hcl

2 ) Letting Gcl = Ecl + pcl − TScl = ρgcl then T dScl = dEcl − gcl dρ

(Hcl

3 ) O
z
cl is increasing with T and ∂T Ecl > 0



Diffuse Interface Fluids (5)

• Liquid-vapor equilibrium

Tl = Tg pl = pg gl = gg g = a+ p/ρ Gibbs function

• Equilibrium liquid-vapor interfaces

One dimensional steady interface z the normal variable

Extremalizing entropy with given energy and mass

Isotherm interface T (z) = Tl = Tg

1

2
κ(dρ/dz)2 = A −Ag − gg(ρ− ρg) ≈ A(ρ− ρl)

2(ρ− ρg)
2

ρ(z) = 1

2
(ρl + ρg) +

1

2
(ρl − ρg) tanh(z/2z)

Epaisseur de l’interface z = (κ/2A)1/2/(ρl − ρg)



3 Augmented System



Augmented Systems for Diffuse Interface Models

• Augmented systems

Gavrilyuk and Gouin (1999) Benzoni et al. (2005) (2006) (2007)

Bresch et al. (2019) (2000) Kotschote (2012)

• Two velocity hydrodynamics

Bresch et al. (2008) (2015) (2015)

• Symmetrization of the augmented system

Gavrilyuk and Gouin (1999) (2000)



Augmented system (1)

• Extra unknown w = ∇ρ

∂tw +
∑

i∈D

∂i
(
w vi + ρ∇vi

)
= 0 D = { 1, . . . , d }

• Augmented unknowns

u =
(
ρ,w, ρv, E + 1

2
ρ|v|2

)t
z =

(
ρ,w, v, T

)t

• New thermodynamic functions

E = Ecl + 1

2
(κ − T∂Tκ)|w|2 S = Scl − 1

2
∂Tκ|w|2

p = pcl − 1

2
κ|w|2 g = gcl



Augmented system (2)

• Thermodynamic functions

(H1) E, p, S are Cγ functions of z ∈ Oz ⊂ (0,∞)×R
d ×R

d × (0,∞) open set

κ = κ(T ) is a Cγ+1 function of temperature T over Oz

If (ρ, T )t ∈ O
z
cl , (ρ, 0, 0, T )t ∈ Oz. If (ρ,w, v, T )t ∈ Oz, (ρ, T )

t ∈ O
z
cl

(H2) Letting G = E + p− TS = ρg we have T dS = dE − g dρ− κw· dw

(H3) The open set Oz is increasing with temperature T and ∂T E > 0

(H4) The capillarity coefficient is positive κ > 0 over Oz

(H5) The coefficients v, η and λ are Cγ functions over Oz

We have η > 0, λ > 0, v ≥ 0, and v+ η(1− 2

d ) > 0



Augmented system (3)

Lemma 1. Assuming (H1)-(H2) and that z 7→ u is locally invertible then

∂2
uu
S negative definite ⇐⇒ ∂T E > 0 ∂ρp > 0 and κ > 0

Lemma 2. Assuming (H1)-(H3) then the map z 7→ u is a Cγ diffeomorphism from

the open set Oz onto an open set Ou.

Lemma 3. Assuming (H1) and given δ > 0 there exists a Cγ−1 function m such

that m ≥ 0

m+ ∂ρp/ρT > 0

and m = 0 if ∂ρp/ρT ≥ δ.



Augmented system (4)

• Augmented entropic variable

σ = −S = −Scl + 1

2
∂Tκ |w|2 v = (∂uσ)

t =
1

T

(
g − 1

2
|v|2,κw, v,−1

)t

• Stable points

Ost
z
= { z ∈ Oz

∣∣ ∂ρp > 0 }
u 7→ v locally invertible around stable points with ∂ρp > 0

• Legendre transform L of entropy

L = 〈u, v〉 − σ =
1

T

(
p+ κ|w|2

)
∂uσ = vt ∂vL = ut

• Convective fluxes

Fi =
(
∂v(Lvi)

)t Li = Lvi



Augmented system (5)

• New augmented form

∂tu+
∑

i∈D

∂i
(
Fi + Fd

i + Fc
i

)
= 0

• New augmented fluxes inthe ith direction

Fi =
(
ρvi,wvi, ρvvi + (p+ κ|w|2)bi, (E + p+ κ|w|2)vi

)t

Fd
i =

(
0, 0d,1, P

d
i, Qd

i +
∑

j∈D

Pd
ijvj

)t

Pd
i = (Pd

1i, . . . ,Pd
di)

t

Fc
i =

(
0, ρ∇vi,−ρ∇(κwi), ρκw·∇vi − ρv·∇(κwi)

)t

• Equivalence of both formulations

Rely on calculus identities



Augmented system (6)

• Convective, dissipative and capillary matrices

Ai = ∂uFi Fd
i = −

∑

j∈D

Bd
ij∂ju Fc

i = −
∑

j∈D

Bc
ij∂ju, i ∈ D

• Quasilinear form

∂tu+
∑

i∈D

Ai(u)∂iu−
∑

i,j∈D

∂i
(
Bd
ij(u)∂ju

)
−

∑

i,j∈D

∂i
(
Bc
ij(u)∂ju

)
= 0

Ai, B
d
ij , and Bc

ij , for i, j ∈ D, have at least regularity Cγ−1 over Ou

• Symmetrization

Structure of the system of equations plus existence results



Symmetrized Augmented System (1)

• Entropic symmetrization for stable points u = u(v)

Ã0(v)∂tv +
∑

i∈D

Ãi(v)∂iv −
∑

i,j∈D

∂i
(
B̃d
ij(v)∂jv

)
−

∑

i,j∈D

∂i
(
B̃c
ij(v)∂jv

)
= 0

Ã0 = ∂vu Ãi = Ai∂vu B̃d
ij = Bd

ij∂vu B̃c
ij = Bc

ij∂vu det Ã0 =
ρ2T 5

κ

∂T E
∂ρp

• Structure of entropic symmetrized system

Ã0 symmetric positive definite for stable points Ãi symmetric for i ∈ D

(B̃d
ij)

t = B̃d
ji

∑

i,j∈D

ξiξjB̃
d
ij positive semi definite (B̃c

ij)
t = −B̃c

ji

The map u 7→ v = (∂uσ)
t = 1

T

(
g − 1

2
|v|2,κw, v,−1

)t

is generally not

globally invertible



Symmetrized Augmented System (2)

• Normal variable

w =
(
ρ,w, v, T

)t
w = (wI,wII)

t wI = (ρ,w)t wII = (v, T )t

R
n = R

nI × R
nII n = nI + nII nI = nII = d+ 1

wI = (wI
′ ,wI

′′)t wI
′ = ρ wI

′′ = w ∇wI
′ = wI

′′ wr = (wI
′ ,wII)

t

u → w diffeomorphism from Ou onto Ow = Oz since w = z

• Normal form

u = u(w) and multiplication on the left by (∂wv)
t

Add
(
∂tρ+∇·(ρv)

)
×m to the first equation Non conservative form

A0 = (∂wv)
t∂wu+me1⊗e1 Ai = (∂wv)

t∂wFi +mvi e1⊗e1 i ∈ D

A0(w)∂tw +
∑

i∈D

Ai(w)∂iw −
∑

i,j∈D

Bd
ij(w)∂i∂jw −

∑

i,j∈D

Bc
ij(w)∂i∂jw = h(w,∇w)



Symmetrized Augmented System (3)

• Normal form

A0(w)∂tw +
∑

i∈D

Ai(w)∂iw −
∑

i,j∈D

Bd
ij(w)∂i∂jw −

∑

i,j∈D

Bc
ij(w)∂i∂jw = h(w,∇w)

• Properties of the normal form

A0 = diag(AI,I
0 ,AII,II

0 ) symmetric positive definite Ai symmetic for i ∈ D

(Bd
ij)

t = Bd
ji Bd

ij = diag(0,Bd II,II
ij ) Bd II,II =

∑

i,j∈D

ξiξjB
d II,II
ij positive definite

(Bc
ij)

t = −Bc
ji B

c I,I
ij = 0 B

c I,II
ij , B

c II,I
ij , A

II,II
0 depend on wr = (wI

′ ,wII)
t

• Right hand side

h = (hI, hII)
t hI =

(
−mρ∇·v,−κ

T

∑

i∈D

wi∇vi

)t

hII = hII(w,∇w)



Symmetrized Augmented System (4)

• Gradient constraint for nonlinear equations

Natural equation for w −∇ρ

∂t(w −∇ρ) + v·∇(w −∇ρ) + (w −∇ρ)∇·v + (∇v)t·(w −∇ρ) = 0

If w is smooth enough, w0 −∇ρ0 = 0 and w⋆ = 0 then w −∇ρ = 0

• Linearized equation with gradient constraint

A0(w)∂tw̃ +
∑

i∈D

Ai(w)∂iw̃ −
∑

i,j∈D

Bd
ij(w)∂i∂jw̃ −

∑

i,j∈D

Bc
ij(w)∂i∂jw̃ =

(
−m ρ∇·ṽ,−

∑

i∈D

κ

T
w̃i∇vi, hII(w,∇w)

)t



Symmetrized Augmented System (5)

• Linearized equation with gradient constraint

A0(w)∂tw̃ +
∑

i∈D

A′
i(w)∂iw̃ −

∑

i,j∈D

Bd
ij(w)∂i∂jw̃ −

∑

i,j∈D

Bc
ij(w)∂i∂jw̃

+ L(w,∇wII)w̃ = h′(w,∇w) =
(
0, hII(w,∇w)

)t

A′
i(w) = Ai(w) +mρe1⊗ed+1+i L(w,∇wII) =

∑

i∈D

κ

T
(0,∇vi, 01,nI

, 0)t⊗ei+1

• Gradient constraint for linearized equations

Natural equation for w̃ −∇ρ̃

∂t(w̃ −∇ρ̃) + v·∇(w̃ −∇ρ̃) + (w −∇ρ)∇·ṽ +∇vt·(w̃ −∇ρ̃) = 0

If w and w̃ are regular, w−∇ρ = 0, w̃0 −∇ρ̃0 = 0, w̃⋆ = 0 then w̃−∇ρ̃ = 0



4 Linearized Estimates and

Local Existence of Solutions



Linearized Equations (1)

• Linearized equations

A0(w)∂tw̃ +
∑

i∈D

A′
i(w)∂iw̃−

∑

i,j∈D

Bd
ij(w)∂i∂jw̃−

∑

i,j∈D

Bc
ij(w)∂i∂jw̃+L(w,∇wr)w̃ = f+g

• Assumptions on the coefficients

A0 = diag(AI,I
0 ,AII,II

0 ) symmetric positive definite block diagonal

A
′I,I
i are symmetric, (Bd

ij)
t = Bd

ji, Bd
ij = diag(0,Bd II,II

ij )

Bd II,II =
∑

i,j∈D B
d II,II
ij ξiξj is positive definite for ξ ∈ Σd−1

(Bc
ij)

t = −Bc
ji B

c,I,I
ij = 0 A

II,II
0 , Bc,I,II

ij , Bc,II,I
ij only depend on wr = (wI

′ ,wII)
t

L = diag( LI,I, LII,II ) LI,I = LI,I(w)∇wr LII,II = LII,II(w)∇wr

A0, A
′
i, B

d
ij , B

c
ij , L

I,I, LII,II are Cl+2 over O
w

L(w,∇wr) w̃
⋆ = 0



Linearized Equations (2)

• Assumptions on w

d ≥ 1 l ≥ l0 + 2 where l0 = [d/2] + 1 1 ≤ l′ ≤ l

w given function of (t,x) over [0, τ̄ ]× R
d with τ̄ > 0





wI − w⋆
I
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)

wII − w⋆
II
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)
∩ L2

(
(0, τ̄), H l+1

)

O0 ⊂ O0 ⊂ Ow, 0 < a1 < dist(O0, ∂Ow), O1 = {w ∈ Ow; dist(w,O0) < a1 }
w0(x) = w(0,x) ∈ O0, w(t,x) ∈ O1, (t,x) ∈ [0, τ̄ ]×R

d

• Assumptions on f and g

f and g given functions of (t,x) over [0, τ̄ ]× R
d 1 ≤ l′ ≤ l

f ∈ C0
(
[0, τ̄ ], H l′−1

)
∩ L1

(
(0, τ̄), H l′

)
g ∈ C0

(
[0, τ̄ ], H l′−1

)
gI = 0



Linearized Equations (3)

• Assumptions on w̃

w̃I − w̃⋆
I
∈ C0

(
[0, τ̄ ], H l′

)
∩ C1

(
[0, τ̄ ], H l′−2

)
,

w̃II − w̃⋆
II
∈ C0

(
[0, τ̄ ], H l′

)
∩ C1

(
[0, τ̄ ], H l′−2

)
∩ L2

(
(0, τ̄), H l′+1

)
,

• Bounding quantities

M2 = sup
0≤τ≤τ̄

|w(τ)− w⋆|2l , M2
t =

∫ τ̄

0

|∂tw(τ)|2l−2 dτ, M2
r =

∫ τ̄

0

|∇wr(τ)|2l dτ

• Linearized estimates for 1 ≤ l′ ≤ l

There exists constants c1(O1) ≥ 1 and c2(O1,M) ≥ 1 increasing with M with

sup
0≤τ≤t

|w̃(τ)− w̃⋆|2l′ +
∫ t

0

|w̃II(τ)− w̃⋆
II
|2l′+1 dτ ≤ c21 exp

(
c2
(
t+Mt

√
t+Mr

√
t
))
×

(
|w̃0 − w̃⋆|2l′ + c2

{∫ t

0

|f|l′ dτ
}2

+ c2

∫ t

0

|gII|2l′−1 dτ
)



Linearized Equations (4)

• Sketch of the proof for the linearized estimates

Notation δw̃ = w̃ − w̃⋆ and E2
k(φ) =

∑
0≤|α|≤k

|α|!
α!

∫
Rd

〈
A0(w)∂

αφ, ∂αφ
〉
dx

Use of Gronwall Lemma and the inequality (δ(O1) ≤ 1 small constant)

∂tE
2
l′(δw̃) + δ1|δw̃II|2l′+1 ≤ c2

(
1 + |∂tw|l−2 + |∇wr|l

)
E2

l′(δw̃)

+ c2|f|l′El′(δw̃) + c2|gII|2l′−1

• Zeroth order inequality k = 0

⋆ Multiply the equation by δw̃ and integrate over R
d

⋆ Time derivative terms estimated with the symmetry of A0

〈δw̃,A0(w)∂tδw̃〉 = 1

2
∂t〈δw̃,A0(w)δw̃〉 − 1

2
〈δw̃, ∂tA0(w)δw̃〉,

∂tA0(w) = ∂wA0 ∂tw is estimated with |∂tA0|L∞ ≤ c0|∂tA0|l−2 ≤ c1|∂tw|l−2



Linearized Equations (5)

• Zeroth order inequality k = 0 (continued)

⋆ The products 〈δw̃,A′
i(w)∂iδw̃〉 are evaluated by blocks

Symmetry for the (I, I) terms, direct estimates for (I, II) and (II, II) terms

The (II, I) terms are integrated by parts, |Ai|L∞ ≤ c1 and |∂iAi|L∞ ≤ c2

⋆ Dissipative terms integrated by parts, |∂iBd
ij(w)|L∞ ≤ c2, Garding inequality

δ1|φII|21 ≤
∑

i,j∈D

∫

Rd

〈Bd II,II
ij (w)∂jφII, ∂iφII〉 dx+ c2|φII|20 φII ∈ H1(Rd)

⋆ Antisymmetric terms integrated by parts and the first sum vanishes

−
∑

i,j∈D

∫

Rd

〈δw̃,Bc
ij(w)∂i∂jδw̃〉 dx =

∑

i,j∈D

∫

Rd

〈∂iδw̃,Bc
ij(w)∂jδw̃〉 dx

+
∑

i,j∈D

∫

Rd

〈δw̃, ∂iBc
ij(w)∂jδw̃〉 dx.



Linearized Equations (6)

• Zeroth order inequality k = 0 (continued)

⋆ Block evaluation of the terms
∑

i,j∈D

∫
Rd〈δw̃, ∂iBc

ij(w)∂jδw̃〉 dx
The terms (I, I), (I, II), (II, II) easily estimated, (II, I) terms integrated by parts

and use of Use of |∂i∂jBc II,I
ij | ≤ c2 since l ≥ l0 + 2

∑

i,j∈D

∫

Rd

〈δw̃II, ∂iB
c II,I
ij (w)∂jδw̃I〉 dx =−

∑

i,j∈D

∫

Rd

〈∂jδw̃II, ∂iB
c II,I
ij (w)δw̃I〉 dx

−
∑

i,j∈D

∫

Rd

〈δw̃II, ∂i∂jB
c II,I
ij (w)δw̃I〉 dx.

⋆ Zeroth order terms
∫
Rd〈δw̃, L(w,∇wr)δw̃〉 dx ≤ c2|δw̃|20 and right hand side

terms
∫
Rd〈δw̃, f〉 dx ≤ c1|δw̃|0|f|0 and

∫
Rd〈δw̃, g〉 dx ≤ |δw̃|0|g|0

∂tE
2
0(δw̃) + δ1|δw̃II|21 ≤ c1|f|0|δw̃|0 + c1|gII|20 + c2(1 + |∂tw|l−2)E

2
0(δw̃).



Linearized Equations (7)

• The l′th order inequality

⋆ The l′th order inequality obtained from

A0(w)∂t∂
αw̃ +

∑

i∈D

A′
i(w)∂i∂

αw̃ −
∑

i,j∈D

Bd
ij(w)∂i∂i∂

αw̃ −
∑

i,j∈D

Bc
ij(w)∂i∂i∂

αw̃

+ L(w,∇w)∂αw̃ = hα

hα = A0∂
α
(
A−1
0 f

)
+ A0∂

α
(
A−1
0 g

)
−

∑

i∈D

A0

[
∂α,A−1

0 A′
i

]
∂iw̃ − A0

[
∂α,A−1

0 L
]
w̃

+
∑

i,j∈D

A0

[
∂α,A−1

0 Bd
ij

]
∂i∂jw̃ +

∑

i,j∈D

A0

[
∂α,A−1

0 Bc
ij

]
∂i∂jw̃.

Multiply by ∂αδw̃, myltiply by |α|!/α!, integrate over R
d, sum over

1 ≤ |α| ≤ l′, and add zeroth order estimate



Linearized Equations (8)

• The l′th order inequality

⋆ Proceeding as for the zeroth order estimaet and use of |δw̃|l′ ≤ c1El′(δw̃)

∂tE
2
l′(δw̃) + δ1|δw̃II|2l′+1 ≤ c2(1 + |∂tw|l−2)E

2
l′(δw̃) +

∑

0≤|α|≤l′

|α|!
α!

∫

Rd

〈hα, ∂αδw̃〉 dx

⋆ Right hand sides with |A−1
0 f|l′ ≤ c1

(
1 + |A−1

0 (w)− A−1
0 (w⋆)|l

)
|f|l′ ≤ c2|f|l′

and eventual integration by parts for g

∣∣∣
∫

Rd

〈
A0∂

α
(
A−1
0 f

)
, ∂αδw̃

〉
dx

∣∣∣ ≤ |A0|∞ |A−1
0 f|l′ |δw̃|l′ ≤ c2|f|l′ |δw̃|l′

∣∣∣
∫

Rd

〈
A0∂

α
(
A−1
0 g

)
, ∂αδw̃

〉
dx

∣∣∣ ≤ c2|gII|l′−1 |δw̃II|l′+1



Linearized Equations (9)

• The l′th order inequality

⋆ Convective and dissipative contributions using commutator estimates

∣∣∣
∫

Rd

〈
A0

[
∂α,A−1

0 A′
i

]
∂iw̃, ∂

αδw̃
〉
dx

∣∣∣ ≤ c2|δw̃|2l′
∣∣∣
∫

Rd

〈
A0

[
∂α,A−1

0 Bd
ij

]
∂i∂jw̃, ∂

αδw̃
〉
dx

∣∣∣ ≤ c2 |δw̃II|l′+1 |δw̃II|l′
∑

0≤|α|≤l′

∣∣[∂α, u]v
∣∣
0
≤ c0|∇u|

l−1
|v|l′−1 ∇u ∈ H l−1 v ∈ H l′−1 l ≥ l0 + 1

⋆ Block evaluation for the antisymmetric terms. The (I, I) terms vanish and the

(I, II) and (II, II) are estimated with the commutator estimates

−
∑

i,j∈D

∫

Rd

〈
A0

[
∂α, (A0)

−1 Bc
ij

]
∂i∂jδw̃, ∂

αδw̃
〉
dx



Linearized Equations (10)

• The l′th order inequality

⋆ The (II, I) antisymmetric terms with [∂α,V]∂iφ = ∂i([∂
α,V]φ)− [∂α, ∂iV]φ

are integration by parts

−
∑

i,j∈D

∫

Rd

〈
A

II,II
0

[
∂α, (AII,II

0 )−1 B
c II,I
ij

]
∂i∂jδw̃I, ∂

αδw̃II

〉
dx =

∑

i,j∈D

∫

Rd

〈[
∂α, (AII,II

0 )−1 B
c II,I
ij

]
∂jδw̃I, ∂i(A

II,II
0 ∂αδw̃II)

〉
dx

+
∑

i,j∈D

∫

Rd

〈
A

II,II
0

[
∂α, ∂i

(
(AII,II

0 )−1 B
c II,I
ij

)]
∂jδw̃I, ∂

αδw̃II

〉
dx

Last sum estimated by using that (AII,II
0 )−1 B

c II,I
ij only depends on wr

Upper bounds in the form c2|δw̃|l′ |δw̃II|l′+1 + c2|∇wr|l|δw̃|2l′



Linearized Equations (11)

• The l′th order inequality

⋆ Terms associated with A0

[
∂α,A−1

0 L
]
w̃ estimated as

∣∣∣
∫

Rd

〈
A0

[
∂α,A−1

0 L
]
w̃, ∂αδw̃

〉
dx

∣∣∣ ≤ c2|∇wr|l|δw̃|2l′

since L = diag( LI,I, LII,II ) is a linear function of ∇wr

⋆ Final differential inequality

∂tE
2
l′(δw̃) + δ1|δw̃II|2l′+1 ≤ c2

(
1 + |∂tw|l−2 + |∇wr|l

)
E2

l′(δw̃)

+ c2|f|l′El′(δw̃) + c2|gII|2l′−1

⋆ Apply Gronwall Lemma



Linearized Equations (12)

• Regularized operators for 0 < ǫ ≤ 1

Rǫφ(r) =

∫
aǫ(r− r̂)φ(r̂) dr̂ aǫ = ǫ−d

a(r/ǫ)

∫
a dr = 1 a > 0 on Ball(0, 1)

• Regularized equations

A0(w)∂tw̃ +
∑

i∈D

A′
i(w)∂iw̃ −

∑

i,j∈D

Bd
ij(w)∂i∂jw̃

−
∑

i,j∈D

RǫB
c
ij(w)Rǫ∂i∂jw̃ + L(w,∇wr)w̃ = f + g

• Existence of solutions for linearized equations

Existence for regularized equations for ǫ fixed by uncoupling

New estimates for solutions of regularized equations independent of ǫ

Taking the limit ǫ → 0



Local existence Results for Diffuse Interface Models

• Isothermal

Hattori and Li (1996) Danchin and Desjardins (2001) Kotschote (2008)

Bresch et al. (2003) (2019)

• Euler-Korteweg

Bresch et al. (2008) (2019) Benzoni et al. (2005) (2006) (2007)

Donatelli et al. (2004) (2014) Tzavaras et al. (2018) (2017)

• Full model

Haspot (2009) Kotschote (2012) (2014)

• Symmetrization for diffuse interface fluids

Gavrilyuk and Gouin (2000) Kawashima et al. (2022)



Local Existence of Strong Solutions (1)

• Structural assumptions

Augmented system in normal form with the gradient constraint

Linearized equations enforcing the gradient constraint

(
A′
i(w)− Ai(w)

)
∇w + L(w,∇wr)w + h(w,∇w) = h′(w,∇w)

Right hand sides in the form

hI =
∑

i∈D

m
I

i(w)∂iwr +
∑

i,j∈D

m
I,I
ij (w)∂iwr∂jwr

hII =
∑

i∈D

m
II

i (w)∂iw +
∑

i,j∈D

m
II,II
ij (w)∂iw∂jw

wr is the more regular part wr = (wI
′ ,wII)

t of the normal vartiable



Local Existence of Strong Solutions (2)

Theorem 4. Let d ≥ 1, l ≥ l0 + 2, l0 = [d/2] + 1, and let b > 0.

Let O0 ⊂ O0 ⊂ Ow, 0 < a1 < dist(O0, ∂Ow), O1 = {w ∈ Ow; dist(w,O0) < a1 }.
There exists τ̄(O1, b) > 0 such that for any w0 with w0 ∈ O0, w0 − w⋆ ∈ H l,

w0I
′′ = ∇w0I

′ and

|w0 − w⋆|2l < b2,

there exists a unique local solution w with initial condition w(0,x) = w0(x), such

that w(t,x) ∈ O1 for (t,x) ∈ [0, τ̄ ]×R
d, wI

′′ = ∇wI
′ , and

wI − w⋆
I
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)

wII − w⋆
II
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)
∩ L2

(
(0, τ̄), H l+1

)

Moreover, there exists cloc(O1, b) ≥ 1 such that

sup
0≤τ≤τ̄

|w(τ)− w⋆|2l +
∫ τ̄

0

|wII(τ)− w⋆
II
|2l+1dτ ≤ c2loc|w0 − w⋆|2l .



Local Existence of Strong Solutions (3)

• Sketch of the proof (1)

⋆ Xl
τ̄

(
O1,M

)
defined by w − w⋆ ∈ C0

(
[0, τ̄ ], H l

)
, ∂tw ∈ C0

(
[0, τ̄ ], H l−2

)
,

wII − w⋆
II
∈ L2

(
(0, τ̄), H l+1

)
, w(t,x) ∈ O1, wI

′′ = ∇wI
′ , and

sup
0≤τ≤τ̄

|w(τ)− w⋆|2l +
∫ τ̄

0

|wII(τ)− w⋆
II
|2l+1 dτ ≤ M 2

∫ τ̄

0

|∂tw(τ)|2l−2 dτ ≤ M 2

∫ τ̄

0

|∇wr(τ)|2l dτ ≤ M 2

⋆ Xl
τ̄

(
O1,M

)
invariant by the map w 7→ w̃ for suitable M and τ̄ small enough

Rely on a priori estimates for linearized equations applied to w̃k

Successive approximations {wk}k≥0 with w0 = w⋆, wk+1 = w̃k well defined



Local Existence of Strong Solutions (4)

• Sketch of the proof (2)

⋆ The sequence {wk}k≥0 is convergent over [0, τ̄ ] for the norm

sup
0≤τ≤τ̄

|δw̃(τ)|2l−2 +

∫ τ̄

0

|δw̃II(τ)|2l−1 dτ

Rely on a priori estimates for linearized equations applied to wk+1 − wk+1

⋆ wk → w ∈ C0
(
[0, τ̄ ], H l−2

)
that is a solution (fixed point)

w ∈ L∞
(
(0, τ̄), H l

)
and wII − w⋆

II
∈ L2

(
(0, τ̄), H l+1

)

⋆ w ∈ C0
(
(0, τ̄), H l

)
since the sequence

wδ = Rδw

form a Cauchy sequence in C0
(
[0, τ̄ ], H l

)



Local Existence of Strong Solutions (5)

• Application to diffuse interface fluids

Theorem 5. Let d ≥ 1, l ≥ l0 + 2, and b > 0. There exists τ̄(O1, b) > 0 such that

for any w0 with w0 ∈ O0, w0 −w⋆ ∈ H l, w0 = ∇ρ0 and |w0 −w⋆|2l < b2 there exists

a unique local solution w with w(0,x) = w0(x), w(t,x) ∈ O1, w = ∇ρ, and

ρ− ρ⋆ ∈ C0
(
[0, τ̄ ], H l+1

)
,

v − v⋆ ∈ C0
(
[0, τ̄ ], H l

)
∩ L2

(
(0, τ̄), H l+1

)

T − T ⋆ ∈ C0
(
[0, τ̄ ], H l

)
∩ L2

(
(0, τ̄), H l+1

)
.

Moreover, there exists cloc(O1, b) ≥ 1 such that

sup
0≤τ≤τ̄

|ρ(τ)− ρ⋆|2l+1 + sup
0≤τ≤τ̄

|v(τ)− v⋆|2l + sup
0≤τ≤τ̄

|T (τ)− T ⋆|2l +
∫ τ̄

0

|v(τ)− v⋆|2l+1dτ

+

∫ τ̄

0

|T (τ)− T ⋆|2l+1dτ ≤ c2loc

(
|ρ0(τ)− ρ⋆|2l+1 + |v0(τ)− v⋆|2l + |T0(τ)− T ⋆|2l

)



5 Strict Dissipativity and

Asymptotic Stability



Global existence Results for Diffuse Interface Models

• Isothermal

Hattori and Li (1996) Bresch at al. (2003) Tsyganov (2008)

Wang and Tan (2011) Haspot (2011) Chave and Haspot (2013)

Tan and Zhang (2014) Chanat al. (2015) Bresch at al. (2019)

Plaza and Valdovinos (2022) Kawashima et al. (2021)

• Full model

Kotschote (2012,2014) Hattori and Li (2016) Hou, Peng and Zhou (2018)

Kawashima et al. (2022)

• Strict dissipativity

Humpherys (2000) Plaza and Valdovinos (2022) Kawashima et al. (2022)



Strict Dissipativity (1)

• Stability around a stable equilibrium state w⋆ (1d) (Humpherys)

Linearized equations around w⋆ with constant coefficients

A⋆
0∂tw +

∑

0≤k≤n

B⋆
k∂

kw = 0

Fourier transform and eigenvalue problem
(
λA⋆

0 +
∑

0≤k≤n

(iξ)k B⋆
k

)
ŵ = 0

Decomposition A⋆ =
∑

k odd
(iξ)k−1B⋆

kŵ B⋆ =
∑

k even
(−1)k/2 ξkB⋆

kŵ
(
λA⋆

0 + iξA⋆(ξ) + B⋆(ξ)
)
ŵ = 0

A⋆
0 symmetric and positive definite

A⋆(ξ) symmetric of constant multiplicity in ξ

B⋆(ξ) symmetric and positive semi-definite



Strict Dissipativity (2)

• Equivalent conditions of strict stability

The system is strictly dissipative ℜ
(
λ(ξ)

)
< 0 if ξ 6= 0

The system is genuinely coupled, that is, there are no eigenvector of the

matrix A⋆(ξ) in N
(
B⋆(ξ)

)
if ξ 6= 0

There exists a–real analytic—matrix K(ξ) with K(ξ)A⋆
0 skew Hermitian and

[K(ξ),A⋆(ξ)] + B⋆(ξ) > 0 ξ 6= 0

• The case particular case of second order systems (Kawashima et al.)

Classical results of Kawashima-Shizuta are recovered

One can usually find explicitly K(ξ) in the form K(ξ) =
∑

j∈D ξjKj



Strict Dissipativity (3)

• The case of third order systems of Korteweg type (Kawashima et al.)

Linearized equations around a constant equilibrium state w⋆

A⋆
0∂tw +

∑

i∈D

A⋆
i ∂iw −

∑

i,j∈D

B⋆
ij∂i∂jw −

∑

i,j,k∈D

C⋆
ijk∂i∂j∂kw = 0

Fourier transform and eigenvalue problem

(
A⋆
0 + i|ξ|A⋆(ω) + |ξ|2B⋆(ω) + i|ξ|3C⋆(ω)

)
ŵ = 0

A⋆(ω) =
∑

i∈D A⋆
iωi B⋆(ω) =

∑
i,j∈D B⋆

ijωiωj

C⋆(ω) =
∑

i,j,k∈D C⋆
ijkωiωjωk

• Decomposition between dissipative and cohesive—dispersive—effects

w = (ρ, v, T )t (I−Q0)w = (I−Q)w = ρ (I− P )w = (v, T )t



Strict Dissipativity (4)

• The case of third order systems of Korteweg type (Kawashima et al.)

(B) A⋆
0 symmetric positive definite A⋆(ω) symmetric

B⋆(ω) symmetric positive semi-definite N
(
B⋆(ω)

)
is independent of ω

(S) There exists S(ω) with S(ω)A⋆
0 symmetric positive semi-definite and

N
(
S(ω)A⋆

0

)
is invariant, Q0 projector onto N

(
S(ω)A⋆

0

)

S(ω)A⋆(ω) + C⋆(ω) and S(ω)C⋆(ω) are symmetric

{S(ω)B⋆(ω)}sy symmetric positive semi-definite

(K) There exists K such that K(ω)A⋆
0 is skew-symmetric and

{K(ω)A⋆(ω)}sy + B(ω) positive definite

{K(ω)C⋆(ω)}sy + B⋆(ω) positive semi-definite,

N
(
{K(ω)C⋆(ω)}sy + B⋆(ω)

)
⊂ N

(
S(ω)A⋆

0

)

Q projector onto N
(
{K(ω)C⋆(ω)}sy + B⋆(ω)

)
that is invariant



Strict Dissipativity (5)

• Hyperbolic-parabolic-dispersive estimates (Kawashima et al.)

Energy estimates in Fourier space ℜ
(
λ(ξ)

)
≤ −δ|ξ|2/(1 + |ξ|2)

|ŵ(t, ξ)|2+|ξ|2|(I−Q0)ŵ(t, ξ)|2 +
|ξ|2

1 + |ξ|2
∫ t

0

(
|ŵ(τ, ξ)|2 + |ξ|2|(I−Q)ŵ(τ, ξ)|2

)
dτ

+

∫ t

0

|ξ|2|(I− P )ŵ(τ, ξ)|2 dτ ≤ C
(
|ŵ0(t, ξ)|2 + |ξ|2|(I−Q0)ŵ0(t, ξ)|2

)

• Application to diffuse interface fluids

w = (ρ, v, T )t (I−Q0)w = (I−Q)w = ρ (I− P )w = wII = (v, T )t

|w(t)− w⋆|2l + |∇ρ(t)|2l+
∫ t

0

(
|∇ρ|2l−1 + |∆ρ|2l−1 + |∇wII|2l

)
dτ

≤ c̄2
(
|w0 − w⋆|2l + |∇ρ0(t)|2l

)
,



Strict Dissipativity (6)

• Stronger assumptions for third order systems (Kawashima et al.)

(B) A⋆
0 symmetric positive definite A⋆

i [](ω) symmetric

B⋆(ω) symmetric positive semi-definite N
(
B⋆(ω)

)
is independent of ω

(S) There exists S(ω) with S(ω)A⋆
0 symmetric positive semi-definite

N
(
S(ω)A⋆

0

)
is invariant, Q0 projector onto N

(
S(ω)A⋆

0

)

S(ω)A⋆(ω) + C(ω) and S(ω)C⋆(ω) are symmetric

S(ω)B⋆(ω) symmetric positive semi-definite

(K’) There exists K such that K(ω)A⋆
0 is skew-symmetric

{K(ω)A⋆((ω)}sy + B⋆(ω) positive definite

{K(ω)C⋆(ω)}sy positive semi-definite, N
(
{K(ω)C⋆(ω)}sy

)
⊂ N

(
S(ω)A⋆

0

)

N
(
{K(ω)C⋆(ω)}sy

)
is invariant, Q′ projector onto N

(
{K(ω)C⋆(ω)}sy

)

(A) Q0K(ω)A
⋆
0Q0 = 0 Q′K(ω)B⋆

ij(ω) = 0



Strict Dissipativity (7)

• Parabolic-Dispersive type estimates (Kawashima et al.)

Energy estimates in Fourier space ℜ
(
λ(ξ)

)
≤ −δ|ξ|2

|ŵ(t, ξ)|2+|ξ|2|(I−Q0)ŵ(t, ξ)|2 + |ξ|2
∫ t

0

(
|ŵ(τ, ξ)|2 + |ξ|2|(I−Q′)ŵ(τ, ξ)|2

)
dτ

+

∫ t

0

|ξ|2|(I− P )ŵ(τ, ξ)|2 dτ ≤ C
(
|ŵ0(t, ξ)|2 + |ξ|2|(I−Q0)ŵ0(t, ξ)|2

)

• Application to diffuse interface fluids

w = (ρ, v, T )t (I−Q0)w = (I−Q′)w = ρ (I− P )w = (v, T )t

|w(t)− w⋆|2l + |∇ρ(t)|2l+
∫ t

0

(
|∇ρ|2l + |∆ρ|2l + |∇wII|2l

)
dτ

≤ c̄2
(
|w0 − w⋆|2l + |∇ρ0(t)|2l

)
,



Strict Dissipativity (8)

• Simplified strict dissipativity for anugmented systems

There exists Kj , j ∈ D, with
(
KjA

⋆
0

)t
= −KjA

⋆
0 K(ω) =

∑
j∈D ξjKj

such that for any φ regular with φI
′′ = ∇φI

′

∑

i,j∈D

∫
〈∂jφ, KjA

⋆
i ∂iφ〉dx −

∑

i,j,j′∈D

∫
〈∂jφ, KjB

c⋆
ij′∂i∂j′φ〉dx

≥ δ
(∫

|∇φI
′ |2dx+

∫
|∆φI

′ |2dx
)
− c

∫
|∇φII|2dx.

• Decomposition between convection and cohesive terms

∑

i,j∈D

∫
〈∂jφ, KjA

⋆
i ∂iφ〉dx ≥ δ

∫
|∇φI

′ |2dx− c

∫
|∇φII|2dx

−
∑

i,j,j′∈D

∫
〈∂jφ, KjB

c⋆
ij′∂i∂j′φ〉dx ≥ δ

∫
|∆φI

′ |2dx



Strict Dissipativity (9)

• Algebraic condition for convective matrices
∑

i,j∈D ξiξjKjA
⋆
i +

∑
i,j∈D ξiξjB

⋆
ij is positive definite.

• Algebraic condition for cohesive matrices

−
∑

i,j,j′∈D

∫
〈∂jφ, KjB

c⋆
ij′∂i∂j′φ〉dx = −

∑

i,j,j′,l∈D

∫
〈∂jφI

′ , (KjB
c⋆
ij′)1,1+l∂i∂j′∂lφI

′〉dx

=
∑

i,j,j′,l∈D

∫
〈∂i∂jφI

′ , (KjB
c⋆
ij′)1,1+l∂j′∂lφI

′〉dx

∑

i,j,j′,l∈D

ξjξl(KjB
c⋆
ij′∂i∂j′φ)1,1+lξ̄iξ̄j′ ≥ δ|ξ|4 (KjB

c⋆
ij′∂i∂j′φ)1,1+l = δijδj′lδ



Global Existence and Asymptotic Stability (1)

• Normal form around a stable state

A0(w)∂tw +
∑

i∈D

Ai(w)∂iw −
∑

i,j∈D

Bd
ij(w)∂i∂jw −

∑

i,j∈D

Bc
ij(w)∂i∂jw = h(w,∇w)

• Properties of the normal form

A0 = diag(AI,I
0 ,AII,II

0 ) symmetric positive definite Ai symmetic for i ∈ D

(Bd
ij)

t = Bd
ji Bd

ij = diag(0,Bd II,II
ij ) Bd II,II =

∑

i,j∈D

ξiξjB
d II,II
ij positive definite

(Bc
ij)

t = −Bc
ji B

c I,I
ij = 0 B

c I,II
ij , B

c II,I
ij , A

II,II
0 depend on wr = (wI

′ ,wII)
t

h = (hI, hII)
t hI =

(
0,−κ

T

∑
i∈D wi∇vi

)t
hII = hII(w,∇w)

• Strict stability of w⋆



Global Existence and Asymptotic Stability (2)

• Global existence for augmented systems

Let d≥1 and l≥[d/2] + 2 be integers. There exists b̄ > 0 such that if

w0 − w⋆ ∈ H l(Rd) and

|w0 − w⋆|2l < b̄2,

there exists a unique global solution to the Cauchy problem

A0∂tw +
∑

i∈D

Ai∂iw −
∑

i,j∈D

Bd
ij∂i∂jw −

∑

i,j∈D

Bc
ij∂i∂jw + Lw = h(w,∇w)

with initial condition w(0,x) = w0(x) and regularity

wI − w⋆
I
∈ C0

(
[0,∞), H l

)
∩ C1

(
[0,∞), H l−1

)
, ∂xwI ∈ L2

(
(0,∞), H l−1

)
,

wII − w⋆
II
∈ C0

(
[0,∞), H l

)
∩ C1

(
[0,∞), H l−2

)
, ∂xwII ∈ L2

(
(0,∞), H l

)
.



Global Existence and Asymptotic Stability (3)

• Asymptotic stability of hyperbolic-parabolic type

There exists also a constant c̄ such that w satisfies the estimate

|w(t)− w⋆|2l +
∫ t

0

(
|∇wI|2l−1 + |∇wII|2l

)
dτ ≤ c̄2|w0 − w⋆|2l

and sup
x∈Rd |w(t,x)− w⋆| goes to zero as t → ∞.

• Stronger results for Korteweg

There exists also a constant c̄ such that w satisfies the estimate

|w(t)− w⋆|2l +
∫ t

0

(|∇wI|2l + |∇wII|2l ) dτ ≤ c̄2|w0 − w⋆|2l



6 Fluid Mixtures of Korteweg type



Fluid Mixtures of Korteweg types (1)

• Cahn-Hilliard fluid mixture with equal mass capillarities

∂tρi +∇·(ρiv) +∇·Fi = miωi i ∈ S = {1, . . . , ns}
∂t(ρv) +∇·(ρv⊗v) +∇·P = 0

∂t
(
E + 1

2
ρ|v|2

)
+∇·

(
v(E + 1

2
ρ|v|2)

)
+∇·(Q+P·v) = 0

• Structure of diffusion fluxes, pressure tensor and heat flux

Fi = Fd
i i ∈ S

P = pI + κ∇ρ⊗∇ρ− ρ∇·(κ∇ρ)I +Pd

Q = κρ∇ρ∇·v +Qd

• Extended thermodynamics

p = pcl(ρ, T )− 1

2
κ|∇ρ|2 E = Ecl(ρ, T ) + 1

2
(κ − T∂Tκ)|∇ρ|2

gi = gcl
i Gibbs relation T dS = dE −∑

i∈S
gi dρi − κ∇ρ· d∇ρ



Fluid Mixtures of Korteweg types (2)

• Thermodynamic form for multicomponent fluxes

Pd =− v∇·v I − η
(
∇v +∇vt − 2

3
∇·v I

)
,

Fi =−
∑

j∈S

Lij∇
(gj
T

)
− Lie∇

(−1

T

)
,

Qd =−
∑

i∈S

Lei∇
(gj
T

)
− Lee∇

(−1

T

)
,

• Structure of the matrix L

L = (Lij)i,j∈S∪{e} symmetric positive semi-definite

N(L) = Span(1, . . . , 1, 0)t

• Chemisty source terms

Classical framework of reactive multicomponent fluids



Fluid Mixtures of Korteweg types (3)

• Thermodynamic stability

Assume zcl = (ρ1, . . . , ρns
, T )t 7→ ucl = (ρ1, . . . , ρns

, Ecl)t locally invertible

∂2
u
cl
u
clScl negative definite ⇐⇒ ∂T Ecl > 0 and Λ positive definite

Λ = (Λ)i,j∈S Λij = ∂ρj
gi/T

• Assumptions on thermodynamics

(Hcl

1 ) Ecl, pcl, and Scl are Cγ functions of zcl = (ρ1, . . . , ρns , , T )
t over O

z
cl

O
z
cl ⊂ (0,∞)nspecies+1 simply connected nonempty open set. The map

(ρ1, . . . , ρns , T ) 7→ (ρ, g2−g1
T , . . . ,

gns−g1
T , T )t is globally invertible

(Hcl

2 ) Letting Gcl = Ecl + pcl − TScl =
∑

i∈S
ρig

cl
i then

T dScl = dEcl −∑
i∈S

gcl
i dρi

(Hcl

3 ) O
z
cl is increasing with T and ∂T Ecl > 0



Fluid Mixtures of Korteweg types (4)

• Extra unknown w = ∇ρ

∂tw +
∑

i∈D

∂i
(
w vi + ρ∇vi

)
= 0 D = { 1, . . . , d }

• Augmented unknowns

u =
(
ρ1, . . . , ρns

,w, ρv, E + 1

2
ρ|v|2

)t
z =

(
ρ1, . . . , ρns

,w, v, T
)t

• New thermodynamic functions

E = Ecl + 1

2
(κ − T∂Tκ)|w|2 S = Scl − 1

2
∂Tκ|w|2

p = pcl − 1

2
κ|w|2 g = gcl

• New convectives fluxes using the Legendre tranform of entropy



Fluid Mixtures of Korteweg types (5)

• Thermodynamic functions

(H1) E, p, S are Cγ functions of z ∈ Oz ⊂ (0,∞)ns × R
d × R

d × (0,∞) open

set and κ = κ(T ) is a Cγ+1 function of temperature T over Oz

If (ρ1, . . . , ρns , T )
t ∈ O

z
cl , (ρ1, . . . , ρns , 0, 0, T )

t ∈ Oz and If

(ρ1, . . . , ρns ,w, v, T )t ∈ Oz, (ρ1, . . . , ρns , T )
t ∈ O

z
cl

(H2) G = E + p− TS =
∑

i∈S
ρigi T dS = dE −∑

i∈S
gi dρi − κw· dw

(H3) The open set Oz is increasing with temperature T and ∂T E > 0

(H4) The capillarity coefficient is positive κ > 0 over Oz

(H5) The coefficients v, η, and the matrix L are Cγ functions over Oz

We have η > 0, v ≥ 0, v+ η(1− 2

d ) > 0, L is symmetric positive

semi-definite and N(L) = R(1, . . . , 1, 0, 0, 0, 0)t.



Fluid Mixtures of Korteweg types (6)

• Normal variable

w =
(
ρ,w,

g2 − g1
T

, . . . ,
gns

− g1
T

, v, T
)t

w = (wI,wII)
t

wI = (ρ,w)t wII =
(g2 − g1

T
, . . . ,

gns
− g1
T

, v, T
)t

R
n = R

nI × R
nII n = nI + nII nI = d+ 1 nII = ns + d

z → w diffeomorphism from Oz onto Ow and u → w from Ou onto Ow

• Normal form

u = u(w) and multiplication on the left by (∂wv)
t

Stabilisation not required near a stable equilibrium state.

wI = (wI
′ ,wI

′′)t wI
′ = ρ wI

′′ = w ∇wI
′ = wI

′′ wr = (wI
′ ,wII)

t



Fluid Mixtures of Korteweg types (7)

• Normal form

A0(w)∂tw +
∑

i∈D

Ai(w)∂iw −
∑

i,j∈D

Bd
ij(w)∂i∂jw −

∑

i,j∈D

Bc
ij(w)∂i∂jw + Lw = h(w,∇w)

• Properties of the normal form

A0 = diag(AI,I
0 ,AII,II

0 ) symmetric positive definite Ai symmetic for i ∈ D

(Bd
ij)

t = Bd
ji Bd

ij = diag(0,Bd II,II
ij ) Bd II,II =

∑

i,j∈D

ξiξjB
d II,II
ij positive definite

(Bc
ij)

t = −Bc
ji B

c I,I
ij = 0 B

c I,II
ij , B

c II,I
ij , A

II,II
0 depend on wr = (wI

′ ,wII)
t

• Right hand side

h = (hI, hII)
t hI =

(
0,−κ

T

∑

i∈D

wi∇vi

)t

hII = hII(w,∇w)



Fluid Mixtures of Korteweg types (8)

• Results for mixtures of fluids of Korteweg type

Normal form with Strict dissipativity

Gradient constraint satisfied as well as for proper linearized equations

Global existence and asymptotic stability of stable equilibrium states such

that ∂T E > 0 and detΛ > 0



Conclusion/Future work

• Physical aspects

Mixtures with polyatomic species with chemical reactions

Numerical simulations at the Molecular/Boltzmann/Fluid levels

Boundary equations at solid walls

• Mathematical and numerical aspects aspects

Numerical simulations of subcritical to supercritical mixtures of fluids

Stronger estimates for ρ and ∇ρ around equilibrium states

Global existence results around stationary nonconstant equilibrium states

Multicomponent mixtures and Cahn-Hilliard equations



Cahn–Hilliard Fluid Mixtures (1)

• Cahn-Hilliard fluid mixtures form the kinetic theory

∂tρi +∇·(ρiv) +∇·Fi = 0, i ∈ S,

∂t(ρv) +∇·(ρv⊗v) +∇·P = 0,

∂t
(
E + 1

2
ρ|v|2

)
+∇·

(
v(E + 1

2
ρ|v|2)

)
+∇·(Q+P·v) = 0,

• Pressure tensor and heat flux

P = pI +
∑

i,j∈S

κij∇ρi⊗∇ρj −
∑

i,j∈S

ρi∇·(κij∇ρj) +Pd

Q =
∑

i,j∈S

κijρi∇ρj∇·v +
∑

i,j∈S

κij∇ρj ∇·Fi −
∑

i,j∈S

∇·(κij∇ρj)Fi +Qd



Cahn–Hilliard Fluid Mixtures (2)

• Thermodynamic form for multicomponent fluxes

Pd =− v∇·v I − η
(
∇v +∇vt − 2

3
∇·v I

)
,

Fi =−
∑

j∈S

Lij

(
∇
(gj
T

)
− ∇∇·γi

T

)
− Lie∇

(−1

T

)
,

Qd =−
∑

i∈S

Lei

(
∇
(gj
T

)
− ∇∇·γi

T

)
− Lee∇

(−1

T

)
,

• Structure of the matrix L

L = (Lij)i,j∈S∪{e} symmetric positive semi-definite

N(L) = Span(1, . . . , 1, 0)t



Thermochemistry of Fluid Mixtures (1)

• Thermodynamics : E, p, S are Cκ functions of zcl = (ρ1, . . . , ρn, T )t

such that

(T1) The map zcl → ucl where ucl = (ρ1, . . . , ρn, E)t is a Cκ diffeomorphism from

O
z
cl ⊂ (0,∞)ns+1 onto O

u
cl

(T2) Letting gi = ∂ρi
E − T ∂ρi

S we have the volumetric Gibbs relation

T dS = −∑
i∈S

gi dρi + dE and the constraint
∑

i∈S
ρigi = E + p− TS

(T3) The Hessian matrix ∂̃2
u
cl
u
clS is negative definite

(T4) For any (y1, . . . , yns
, T ) ∈ (0,∞)ns+1 with

∑
i∈S

yi = 1 ∃ρm > 0 with

zclρ = (ρy1, . . . , ρyns
, T )t ∈ O

z
cl for 0 < ρ < ρm and

lim
ρ→0

E(zclρ)− Epg(zclρ)

ρ
= lim

ρ→0

p(zclρ)− ppg(zclρ)

ρ
= lim

ρ→0

S(zclρ)− Spg(zclρ)

ρ
= 0



Thermochemistry of Fluid Mixtures (2)

• Perfect gases thermodynamics in terms of zcl = (ρ1, . . . , ρn, T )t

ppg = RT
∑

i∈S

ρi
mi

Opg

z
cl = (0,∞)ns+1

Epg =
∑

i∈S

ρie
pg
i epg

i = esti +

∫ T

T st

cpg
vi (θ) dθ

Spg =
∑

i∈S

ρiSpg
i Spg

i = ssti +

∫ T

T st

cpg
vi (θ)

θ
dθ − RT

mi
log

ρi
miγst

• Natural assumptions

(PG) esti , ssti are constants mi > 0, R > 0 are positive constants

cpg
vi are C∞

(
[0,∞),R

)
with 0 < cv 6 cpg

vi (T ) 6 cv T > 0, i ∈ S



Thermochemistry of Fluid Mixtures (3)

• Complex chemistry
∑

i∈S

νfijMi ⇄
∑

i∈S

νbijMi j ∈ R = {1, . . . , nr}

• Reduced chemical potential µi = migi/RT

νfj =




νf1j
...

νf
nsj


 νbj =




νb1j
...

νb
nsj


 µ =




µ1

...

µns


 ω =




ω1

...

ωns




• Production rates

νj = νbj − νfj ω =
∑

j∈R

νjτj τj = Kj

(
exp〈νfj , µ〉 − exp〈νbj , µ〉

)



Thermochemistry of Fluid Mixtures (4)

• Entropy production due to chemistry

−
∑

i∈S

gimiωi

T
=

∑

j∈R

RKj

(
〈νfj , µ〉 − 〈νbj , µ〉

) (
exp〈νfj , µ〉 − exp〈νbj , µ〉

)

• Reduced chemical potential and activity

µpg
i = µu,pg

i (T ) + log γpg
i γpg

i =
ρpg
i

mi
=

yi

νpgmi
νpg =

RT

pm

ai = exp
(
µi − µu,pg

i

)
ãi = exp

(
µi − µpg

i

)
ai = ãi γ

pg
i

• Generalized mass action law

τj = Kf
j

∏

i∈S

a
νf

ij

i −Kb
j

∏

i∈S

a
νb

ij

i



Thermochemistry of Fluid Mixtures (5)

• Atom and mass conservation

al =




a1l

...

ansl


 l ∈ A = {1, . . . , na} m =




m1

...

mns


 =

∑

l∈A

m̃l al

R = span{ νj , j ∈ R } A = span{ al, l ∈ A } ω ∈ R m ∈ A

〈νj , al〉 = 0 j ∈ R, l ∈ A R ⊂ A⊥ 〈ω,m〉 = 0

• Equilibrium

∑

i∈S

gimiωi

T
= 0 ⇐⇒ ωi = 0 i ∈ S ⇐⇒ τj = 0 j ∈ R ⇐⇒ µ ∈ R⊥



Thermochemistry of Fluid Mixtures (6)

(C1) We have νfij , ν
b
ij , ail ∈ N i ∈ S , j ∈ R , l ∈ A

Atom conservation

〈νbj , al〉 − 〈νfj , al〉 = 〈νj , al〉 = 0, j ∈ R, l ∈ A

(C2) We have m̃l > 0 l ∈ A and

mi =
∑

l∈A

m̃l ail, i ∈ S

(C3) The rate constants Kj for j ∈ R, are C∞ positive functions of T > 0


